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GENERAL INTRODUCTION 
This dissertation presents the results of a theoretical study on the reversible 
magnetization of high-« type-II superconductors and its application to the high-
temperature superconductors. 
In this preliminary section, I will give a brief review of related theories and an 
overview of this dissertation. 
Superconductors are classified in two groups, type-I and type-II, according to the 
magnetization they show when a magnetic field H is applied parallel to the axis of 
a long cylindrical specimen. A type-I superconductor shows perfect diamagnetism, 
i.e., no magnetic flux is present deep inside the sample for values of H below the 
critical field Hc\ it is said that in this case the superconductor is in the Meissner 
state. Above He, the material is in the normal state. 
A type-II superconductor has two critical magnetic fields, the lower critical field 
HqI and the upper critical field For H < H^i, the sample is in the Meissner 
state (no magnetic flux present deep inside the sample). For < H < Hq2i mag­
netic flux penetrate into the sample in the form of quantized vortices of supercurrents 
(each vortex carrying one magnetic flux quantum <f)Q = 2.07 x 10~^ G cm^) and the 
number density of the vortices increases as H increases; it is said that in this case 
the superconductor is in the mixed state. For H > H(.2, the sample interior becomes 
normal. 
The London theory [1, 2] is the first phenomenological theory of superconduc­
tivity. The solution of the London equations [1, 2] accounts for the observed perfect 
diamagnetism (the Meissner effect) and gives an explicit expression for the magnetic 
penetration depth A of the superconductor. 
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However, the London theory has a serious flaw that it cannot account for a 
positive surface energy associated with a normal-superconducting interface which 
is responsible for the stability of the Meissner state against a laminar structure of 
alternating normal and superconducting layers in a field H < He [2] A remedy for 
this defect is the theory of Ginzburg and Landau [3] described below. 
The Ginzburg-Landau theory [3] is the most successful phenomenological theory 
of superconductivity. In this theory, the idea [2] that the superconducting electrons 
are in a macroscopic quantum state is fully embodied; the existence of a macroscopic 
wave function, or order parameter, $ is postulated to describe the behavior of the 
superconducting electrons, and various contributions to the free energy density F 
can be calculated. It accounts for the Meissner effect and the surface energy in a 
natural way; it also accounts for the second order (or continuous) nature of the su­
perconducting phase transition in zero field. The Ginzburg-Landau equations [3], 
which follow from a variational analysis of the Ginzburg-Landau free energy func­
tional, can be used to calculate the order parameter under many circumstances, in 
particular in the presence of an applied magnetic field; therefore, how magnetic fields 
penetrate into superconductors and how magnetic structure develops there can be 
described using this theory. The Ginzburg-Landau theory was originally proposed 
for the temperatures close to the critical temperature Tg. [3] Although this theory 
predated the microscopic theory of Bardeen, Cooper and Schrieffer (BCS theory) [4], 
Gor'kov [5] later showed that the Ginzburg-Landau equations can be derived from 
the BCS theory in the vicinity of Tg- Because of its simplicity, the Ginzburg-Landau 
theory commonly is used well outside its range of validity, i.e., far from Tc. The 
predictions of the theory so correctly describe the behavior of superconductors that 
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it is the subject of continuing study to the present. 
The fact that the superconductivity is a macroscopic quantum phenomenon de­
scribed by a macroscopic quantum wave function, the order parameter implies 
the involvement of a phase, and therefore the possibility of quantum interference and 
quantization effects, for which the magnetic flux quantization is an example. It also 
implies that the magnitude of $ cannot change significantly over a distance shorter 
than a characteristic length ^ known as the Ginzburg-Landau coherence length. 
The Ginzburg-Landau parameter k = A/^ is an important quantity in the 
Ginzburg-Landau theory; this material-dependent dimensionless parameter deter­
mines the nature of any magnetic structure that penetrates into the superconductor. 
The surface energy associated with a normal-superconducting interface is found to 
be positive for k < l/-\/2 and negative for k > l/v^; [3, 6] it is this negative surface 
energy that is responsible for type-II superconductivity. [6] The criterion for classi­
fying a superconductor may now be given as k < 1/V^ for type-I and « > l/y/2 for 
type-IL 
Abrikosov's discovery of type-II superconductivity is the most important conse­
quence of the Ginzburg-Landau theory. [6] By a complete analysis of the Ginzburg-
Landau equations, Abrikosov showed that a superconductor with « > l/\/2 can 
exhibit type-II behavior. The main qualitative feature of the mixed state is a spatial 
variation of the superconducting order parameter $; each nodal line of |$| corre­
sponds to the axis of a vortex of supercurrent concentrating the flux toward the 
center. Due to vortex-vortex interactions, the vortices arrange themselves in a two-
dimensional array known as the Abrikosov lattice. 
In ideal type-II superconductors vortices are free to move, subject only to a 
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viscous drag force and mutual repulsive interaction. Such superconductors have a 
nearly reversible magnetization curve for slowly varying applied magnetic fields. On 
the other hand, in non-ideal type-II superconductors the vortex array is pinned by 
metallurgical defects, impurities or inhomogeneities, and internal flux gradients are 
produced in order to drive the vortices in or out; therefore, these materials have 
irreversible magnetization curves and show hysteresis loops. The reversible magne­
tization is the subject of study of this dissertation. In the following, magnetization 
means the reversible magnetization. 
Abrikosov's solution of the Ginzburg-Landau equations is summarized in the 
following three paragraphs, which form the theoretical basis for type-II superconduc­
tivity. For the limit Hf,2 — H where the Ginzburg-Landau equations can be 
linearized, Abrikosov obtained explicit formulas for the upper critical field ^^2' the 
magnetization M and the Gibbs free energy G as functions of the field H. All these 
expressions depend only on the single parameter k and a geometric constant (the 
Abrikosov constant) determined by the flux line lattice structure. A numerical error 
led Abrikosov originally to conclude that a square lattice (/?^ = 1.18) is stable; a 
later work by Kleiner et ai [7] rectified this error and showed that a triangular lattice 
= 1.16) has the lowest free energy and therefore corresponds to the equilibrium 
configuration. 
For the limit H — -C -ffd, the mixed state may be described in terms of 
weakly interacting quantized flux lines. The magnetic field and supercurrent asso­
ciated with a single vortex may be determined as a function of the distance from 
the vortex axis. The decay length of the magnetic field is the penetration depth 
A; the magnitude of the order parameter vanishes on the vortex axis and rises to 
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its equilibrium value in a distance of the coherence length Abrikosov calculated 
Hçi explicitly for large k. A numerical error in the Abrikosov formula for was 
rectified later by Hu. [8] In both the high- and low-field limits, singly quantized flux 
lines are proved to have the lowest Gibbs free energy and therefore represents the 
equilibrium situation. It is assumed that this situation holds for all applied fields 
{HqI < H < Hf,2) and all /c > l/\/2. 
For the intermediate fields { H f , ^  H  •®^c2)> where the Ginzburg-Landau 
equations cannot be solved in closed form due to their nonlinearity, the London model 
was introduced by Abrikosov [6] to provide a detailed description of the mixed state 
for extreme type-II superconductors (k = A/^ 1); this model has been used exten­
sively by many authors (for examples, References 9-12). Well below its upper critical 
field, the core regions of an extreme type-II material comprise only a small fraction 
of the total volume, and the superelectron density |$p is constant throughout most 
of the sample. Therefore, one may assume |$| = const ant and treat the vortex cores 
as singularities which are replaced by a set of two-dimensional delta functions; thus, 
the system is described with a single modified London equation instead of the two 
Ginzburg-Landau equations. Simple expressions for both the magnetic flux density 
and supercurrent density can be easily calculated, which can be expected to be good 
approximations to the solutions of the original Ginzburg-Landau equations for the 
region outside the vortex cores; near the vortex cores they show singular behaviors 
in that they both diverge on the axes of the vortices, because of the depression of the 
order parameter to zero on the axes is not accounted for by the model. In calculating 
the free energy density F, from which the magnetization M and other thermodynamic 
quantities are derivable, the contribution from the vortex cores (the condensation en­
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ergy and the energy associated with the gradients in the order parameter) cannot 
be accounted for by this model; only the electromagnetic energy is considered. The 
justification for this approximation is that the electromagnetic contribution is much 
larger than that of the cores. However, this justification is incorrect. The reason is 
as follows. The free energy density F contains a term S^/8ir (where B is the average 
magnetic flux density), which is associated with the external applied field and has 
H'^21^^ as its measuring scale; it is the quantity Fm = F — of which the 
measuring scale is the condensation energy H^fSir, that determines the thermody­
namic quantities such as the magnetization and the specific heat; the contribution 
to Fm from the vortex cores is comparable to that of electromagnetic origin, and 
therefore should not be ignored. Note that, since H^2l^c ~ ^ 1 for high-K ma­
terials, I8it Fm for H ^ -ffcl' ^^e error in the conventional "justification" for 
the London approximation is simply that the core contribution is actually compared 
with the large quantity rather than Fm- Thus, when the thermodynamic 
quantities are concerned, the London model is not valid, because the existence of the 
vortex cores has a central role in the thermodynamics of the mixed state. This point 
is made clear for the first time by the work of this dissertation (Section IV). For other 
purposes such as calculating the magnetic flux density and supercurrent density in 
the region outside the vortex cores, the London model is still a good approximation 
and convenient. 
The difficulty that one always encounters in studying the magnetic structure of 
the mixed state, is the nonlinearity of the two coupled Ginzburg-Landau equations, 
of which a complete solution needs a large amount of numerical computations. The 
simplest approximation is the London model. As mentioned in the last paragraph, the 
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London model has severe limitations due to its inability to account for the effect of the 
depression of the order parameter to zero at the vortex center. As an improvement 
of the London model, a variational model was proposed by Clem, [13, 14] which is 
briefly reviewed in the next paragraph. 
In Reference 13, a simple model for a single vortex is given. In this model, a trial 
function is assumed for the magnitude of the order parameter of a single vortex, which 
involves one variational parameter representing the core radius, and has the same 
qualitative behavior as found by solving the Ginzburg-Landau equations numerically. 
With this ansatz, the second Ginzburg-Landau equation can be solved exactly so that 
analytic expressions for the magnetic flux density and supercurrent density can be 
obtained. These results reduce to the London model outside the vortex core but have 
the added advantage of yielding realistic values in the vortex core vicinity. Free energy 
density can be calculated explicitly including, in addition to the electromagnetic 
energy, the vortex core energy arising from the suppression of the order parameter 
in the vortex core. The trial function of the order parameter dose not solve the first 
Ginzburg-Landau equation; instead, a equation for the variational parameter [13] 
is obtained that minimizes the free energy density. The lower critical field is 
derived, and a comparison with the exact numerical solution [8] of the Ginzburg-
Landau equations shows that the variational model is a good approximation. In 
Reference 14, the extension of the variational model of a single vortex to the mixed 
state was suggested; in addition to the variational core radius parameter, another 
variational parameter was assumed to account for the effect of the depression in the 
order parameter due to the finite value of the average flux density B. 
The high-temperature superconductors [15]-[18] have two remarkable features 
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revealed in their electromagnetic behaviors, in addition to their high superconducting 
transition temperatures: one is that they are extreme type-II superconductors (« 
1), with very high upper critical fields; the other is the large anisotropy, which arises 
from the layered crystal structure of these materials. There are two approaches to 
describe the anisotropy: one is the Ginzburg-Landau theory with an effective mass 
tensor, [19]-[25] and the other is to model a layered superconductor as a stack of 
Josephson-coupled superconducting layers (the Lawrence-Doniach model [26]). In 
this dissertation, the first approach is employed. 
The effect of anisotropy on the electromagnetic properties of type-II supercon­
ductors can be most simply accounted for in the framework of the Ginzburg-Landau 
theory by introducing a phenomenological effective mass tensor. [19j-[25] Because of 
the anisotropy, the behavior of a superconductor in the presence of an applied field 
H depends not only on the magnitude of H but also on the orientation of H with 
respect to the principal axes of the sample. For the case that H is parallel to one of 
the principal axes, the magnetic structure of the mixed state is relatively simple. An 
isolated vortex has an elliptical shape, i.e., the contours of the magnetic flux density 
and the streamlines of the supercurrent density are ellipses; the ratio of the semimajor 
axis to the semiminor axis is determined by the degree of anisotropy in the plane per­
pendicular to the vortex axis. The free energy density F and the Ginzburg-Landau 
equations can be written, after a simple transformation of variables, in the same 
forms as those for the isotropic case except that the Ginzburg-Landau parameter a 
is replaced by a k that depends on the orientation of H; therefore, the thermody­
namic behavior of the sample is the same as that for the isotropic case, but with an 
effective Ginzburg-Landau parameter k. More details of the materials mentioned in 
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this paragraph are given in Sections I and II of this dissertation and the references 
therein. 
For the case that H is not parallel to one of the principal axes, the magnetic 
structure of the mixed state is much more complex. In this case the Ginzburg-
Landau equations have unsymmetrical forms which further complicate the solution. 
For H close to when the intervortex spacing is comparable to the penetration 
depth, the vortex structure differs strongly from that of the Abrikosov type; the 
interactions between parallel vortices can be even attractive. [27]-[29] On the other 
hand, for H >• H^i the free energy density F and the Ginzburg-Landau equations 
can be expressed to a good approximation by their counterparts in the isotropic case 
with « being replaced by k; thus, the dependence of F upon the orientation of H 
is completely contained in A for ^ -ffcl- The condition for this approximation 
to be valid is 1 (where b = 5/5^2 is the reduced average flux density and 
Bç2 = Hf.2 in Gaussian units), which can be easily satisfied for high-K materials over a 
large fleld region including intermediate and high fields. Note that most experiments 
on the reversible magnetization of the high-temperature superconductors are done in 
the field region corresponding io H ^ . Because of the dependence of F upon the 
orientation of H, the magnetization has components both parallel and perpendicular 
to H in general; this transverse magnetization is not zero if H is not along a principal 
axis, and consequently a torque exists. [30] The torque associated with the transverse 
magnetization has been studied by Kogan [30] using the London model. As pointed 
out in the previous discussion, the London model is quantitatively incorrect when 
the magnetization is concerned; Kogan's work on torques is improved and extended 
in this dissertation. More details of the materials mentioned in this paragraph are 
10 
given in Section III of this dissertation and the references therein. 
An interesting property of high-K type-II superconductors is that the field de­
pendence of the reversible magnetization for H ]$> is governed by a function 
that depends only on the reduced field h — HfHf.2' This property, which we call 
the scaling property, is especially important for anisotropic superconductors, since it 
can be used to derive a relationship between the magnitudes of the magnetization 
for H along different directions at fixed value of H. More details of this subject 
are given in Section V of this dissertation. Here, I want to further point out that 
this scaling property in the magnetization is a consequence of a more general scal­
ing property that the Gibbs free energy density of a high-« type-II superconductor 
depends on H only through h fot H ^ ; therefore, similar scaling behaviors are 
also expected in other thermodynamic quantities, such as the entropy density and 
the specific heat. [31] 
In this dissertation, the variational approach of Clem [13, 14] is employed and 
extended to construct a complete model for the mixed state of type-II superconduc­
tors for the entire field region between Hd and Jïc2* The model is further extended 
to include the effect of anisotropy by introducing an effective mass tensor. The theory 
is applied to the analysis of magnetization measurements on the high-temperature 
superconductors. An overview of the contents of this dissertation is as follows. 
In Section I, the variational model of an isolated vortex of Reference 13 is gen­
eralized to the anisotropic case when the applied field is along one of the principal 
axes. The magnetic structure of an isolated vortex is studied; an expression for the 
lower critical field H^i is obtained, which is the same as that of the isotropic case 
but with an effective Ginzburg-Landau parameter k that depends on the orientation 
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of the applied field. The model is used to discuss the effects of the anisotropy on the 
pinning forces of individual vortices and on the vortex lattice form. Strong anisotropy 
is found in the pinning forces. 
In Section II, as an extension of the works of References 13 and 14 and Section 
I, a variational model of the mixed state is proposed. In this model, a trial func­
tion involving two variational parameters is assumed for the order parameter, taking 
into account both the existence of the vortex cores and the depression in the order 
parameter due to finite value of the average flux density B. It permits an analytic 
calculation of the free energy density F in the Ginzburg-Landau regime. A formula 
for the reversible magnetization M is obtained as a function of the applied field H for 
the entire field region between Hf.i and Hf.2- For the case that B —* 0 {H ^cl)' 
the variational model of a single vortex is recovered. The model is further extended 
to include anisotropy using the effective mass tensor approach for the case that H 
is parallel to one of the principal axes. The theory is compared to reversible mag­
netization data on a YBa2CugOy single crystal. The method permits an accurate 
determination of Hf.2 versus temperature from the magnetization measurements at 
various values of temperature T and H and explains why the measurements of M 
versus T have different slopes in different fields, contrary to what might have been 
expected from the linear Abrikosov formula near The deduced dHf.2ldT is 
—1.65 ± 0.23 T/K for H parallel to the c axis near Tc, implying = 17 ± 1 Â. 
In Section III, the reversible magnetization of anisotropic high-K type-II super­
conductors in an applied field H of arbitrary orientation with respect to the principal 
axes of the sample is considered. The procedure of obtaining the free energy density 
F from its corresponding expression in the isotropic case by simply replacing the 
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Ginzburg-Landau parameter k by a k that depends on the orientation of H relative 
to the principal axes is considered. This procedure is valid when H is along one of 
the principal axes for arbitrary value of H between H^i and Hf.2 and is also valid to 
good approximation when H is not along one of the principal axes, but only when 
H }#> Because of the dependence of F on the orientation of H, when H is 
not parallel to one of the principal axes, the average magnetic flux density B is not 
parallel to H, and a torque associated with the transverse magnetization exists, tend­
ing to orient the sample so that the value of k is the largest. Expressions for the 
magnetization and the torque are obtained from the variational model of Section II 
which permits the analytic calculation of F in the Ginzburg-Landau regime. It is also 
pointed out that a comparison of the theory with torque measurements can provide 
a way to estimate the upper critical field Hf.2{0,<f>), the thermodynamic field He and 
the ratio : m2 : mg (mj, i = 1,2,3, are the principal values of the effective 
mass tensor wijj) in the temperature region where the Ginzburg-Landau theory is 
appropriate. 
In Section IV, it is pointed out that the London model for the reversible mag­
netization M of high-K type-II superconductors in the intermediate-field region is 
quantitatively incorrect, and the implications on our understanding of the mixed 
state of type-II superconductors is discussed. It is also shown that the apparently 
linear dependence of M versus InH in the intermediate-field region, a behavior that 
has been observed experimentally, can be obtained from the variational model of 
Section II. 
In Section V, it is found that the magnetization M of an anisotropic high-K type-
II superconductor can be written to good approximation as —4irAf = j 
13 
for the applied field H ^cl' ^^^re h = H 111^ 2 the reduced field and $ is a 
function of h. For the high-temperature superconductors, this property gives the 
relation M||g(^) = 7M||^jj(7fr), where is the magnetization for H parallel to 
the i direction and 7 = ^c2\\c anisotropy ratio. It provides a simple 
way to estimate 7 from the reversible magnetization measurement, and 7 ~ 18 as a 
lower bound is found for a Bi2Sr2CaCu20g_^ single crystal. 
The significance of this dissertation work is that it is the only available theory 
that provides analytic expressions for the magnetization that are applicable over the 
entire mixed state of the high-temperature superconductors. Because of the large val­
ues of Hf,2 in the high-temperature superconductors, the Abrikosov high-field result 
for the reversible magnetization is restricted to a temperature region very close Tc for 
the usual cases that the applied field is the order of 1 T, and this region practically 
inaccessible experiment ally because of fluctuation effects; this is pointed out in Sec­
tion II. The London model for the reversible magnetization in the intermediate-field 
region is quantitatively incorrect, because the contribution of the vortex core energy 
is important and cannot be ignored in calculations of the magnetization and other 
thermodynamic quantities such as the entropy and the specific heat; this is pointed 
out in Section IV and has an important implication on our understanding of the 
nature of the mixed state of type-II superconductors. 
14 
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be submitted for publication in Journal of Low Temperature Physics, Sections II and 
III were published in Physical Review B, Section IV has been submitted for publica­
tion in Physical Review Letters, and Section V has beén submitted for publication in 
Physica C. 
I. VORTICES IN ANISOTROPIC TYPE-II SUPERCONDUCTORS 
The purpose of this paper is to develop a simple phenomenological description of 
an isolated vortex in an anisotropic type-II superconductor, reducing to the London 
model outside the vortex core but yielding more realistic results in the vortex core 
vicinity. When the external magnetic field is along one of the crystal-symmetry 
directions, this can be done by simply transposing the variational approach proposed 
in Ref. 1 for isotropic superconductors. For this particular choice of field orientation, 
the field component transverse to the vortex axis [2, 3] vanishes, and the Ginzburg-
Landau (GL) free energy functional can be transformed into the isotropic form. We 
review briefly this transformation following Ref. 4. 
In the crystal frame, where the phenomenological mass tensor M^j has the prin­
cipal axes (i = 1,2,3) and principal values the GL free energy in the vortex 
state, relative to that in the Meissner state, takes the form 
F = j dxidx2dx^ - (l - |/P) +1]— ^ 
i * 
where = d f d x ^  and = M ^ f M  with M  =  satisfies 
mim2m^ = 1. (2) 
Here, the conventional normalization is used, with the remark that the mean mass M 
enters (instead of the electronic mass Me) in the otherwise standard GL definition [5] 
of the penetration depth A(T), and coherence length ({T) and GL parameter k. 
16 
The three transformations used to map the anisotropic free energy into the 
isotropic energy, consisting of an anisotropic scale transformation, a rotation and 
an isotropic scale transformation, may all be combined into one transformation pre­
serving the form of Maxwell's equations. When the external magnetic field H is along 
a principal axis, the rotation transformation is not needed since the orientation of 
the vortex is the same in the transformed coordinates as in the original one. 
When H is along the zg-axis, the transformation amounts to [6] 
®i = (% = 1,2,3), (3) 
h = H ih = (4) 
and 
i ^  3 (âg = = 0). (5) 
In the transformed variables, the energy becomes, for H along zg. 
15 (l - 1/0^ + ÇI + 5i) /f + , (6) 
with an effective GL parameter 
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« = (7) 
Now the GL equations have the usual isotropic form, and the cylindrical symmetry 
of an isolated vortex-problem is restored. Thus, following Ref. 1, we model the order 
parameter variation around the vortex ajds by 
(8) 
with 
= À = + (8) 
and p, being the polar coordinates in the plane perpendicular to the vortex axis. 
The corresponding field distribution is given by 
The variational parameter iv is now, as well as k, dependent of the field orientation. 
The lower critical field Hf.\ is given by [1, 4] 
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Hcl = i^j'^^p{^c + Fkg + Fkj + Ff) (11) 
^ + -4- . (12) 
8 Sk^ 2h^vKi{(v) 
Here 
% = , (13) 
f&;=Z4/0' (», = »- , (15) 
and 
Ff = 6^ (16) 
are the condensation energy density,kinetic energy density associated with the gradi­
ents in the magnitude of order parameter, kinetic energy density of supercurrent and 
magnetic field energy density. 
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The value of iv which minimizes the vortex self-energy or is given by 
(17) 
k^v as a function of 1/k is shown in Fig. 2 in Ref. 1, ranging from 0.935 at « = 1/y/2 
to y/2 at K = oo. In the large k limit, thus takes the form 
^cl = ^(lnâ + 0.52). (18) 
where, roughly, the first term comes from the electromagnetic energy (-fj^j + Fy) and 
the second from the core energy (Fc + contribution to the vortex self energy. 
The above variational calculation, however, slightly overestimates the energy per unit 
length of the vortex. As shown in Ref. 7, numerical solution of the GL equations 
shows that the constant term is not 0.52 but 0.497. 
In physical units the vortex field distribution is given by, for H along zg, 
where is the value of determined by Eq. (17) as a function of A = Kg = /c/^mg 
and 
Aj — Ay'trij. (20) 
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The decay of 63 with distance along the ajj^-axis is approximately exponential, with 
decay length A2. The reason that the decay length is A2 and not A^ is that the 
decay length is associated with the direction of the screening currents, and on the 
x]^-axis these currents point in the X2 direction. Similarly, along the a52-axis 63 decays 
approximately exponentially with decay length Aj^. Contours of 63 and streamlines 
of the supercurrent j are ellipses: (®i/A2)^ + (®2/'^l)^ ~ const. 
For H along zg, the effective vortex core can be defined by the region inside the 
ellipse 
Note that the righthand side of Eq. (22) is the cross section area of the effective core, 
which reduces to the usual London expression [8] 7r^2^2 with 
(21) 
the condensation energy calculated from Eq. (13) is 
y/mz'  
^c3 _ ^(^3 (22) 
(23) 
only when («s^^g/A)^ % 1, i.e., when «3 is close to l/-\/2, while for «3 >• 1, 
(k3^^3/A)^ % 2, i.e., the size of the effective core of the variational model is twice 
that of the London model. 
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If H is along the a;^- or the the corresponding results can be obtained 
by cyclic permutation (1 —> 2 —> 3 —> 1). 
To describe the vortices in the high-Tc layered superconductors, we choose the 
œj and «2 axes as the a and 6 axes in the plane of the layers. Since the anisotropy 
between the c crystal direction (long side of the primitive cell) and either a or 6 is 
much larger than a relatively small "in-plane" anisotropy, we take % m2 = wijjj 
7773 = 771 j_, «11 = «/y/mjj", and «j_ = nj 
Although the contribution of Ec to the vortex self-energy is small 
for large k, its spatial variation in inhomogeneous samples provides an important 
mechanism of pinning of vortices. As in the isotropic case, the core pinning force per 
unit vortex length, /c, is much larger then the magnetic pinning force fm-
The simplest example is the pinning by a large void with a plane interface (in the 
a-c plane) parallel to vortices and perpendicular to the force acting on vortices. [9] 
In (along c), with transport current along a, we have for «j_ large: 
(24) 
and 
(25) 
so that the ratio 
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IcL LL » 1. 
fml.  2A/21n(«j_) 
(26) 
Similarly, in ff|j (along a) with transport current along c, we obtain: 
^4~ f l 6 7 r « ^ , ) / ^ l l '  (27) 
/mil -
^0gcln(«|[) 
4V2 iTT/Cll / A ± ,  
(28) 
and 
Ml 
' m l  2-\/21n(«j|) 
» 1. (29) 
When 7n_L "> mn, the magnetic pinning force anisotropy 
fm± _ 
fm\\ "»||W«|l) (30) 
is much larger than the core pinning anisotropy 
Lzi. 
frW 
m 
mi 
(31) 
which is the same as the upper critical fields anisotropy. [2] 
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The core pinning of individual vortices is important at low temperatures and 
fields. It seems that this is what was observed [10] in single crystals YBa2CugOy_^, 
where it was found that the critical current anisotropy from magnetization measure­
ments at 4.6 K and zero field was the same as the upper critical field anisotropy at 
In higher fields, another consequence of the anisotropy in the plane perpendicular 
to the magnetic field, is that the vortex lattice consists of isoceles triangles and may 
have a preferential orientation with respect to the crystal frame. Within the London 
model for uniaxial superconductors, one finds [11] the orientational degeneracy of 
the anisotropic lattice. Actually, the anisotropy removes the degeneracy, as can be 
seen by taking into account the non-linear effects via the lattice structure factor 
Two equally s table configurat ions,  corresponding to the elementary cel l  s ides rat io R 
equal to s/Z or to l/\/3 in the isotropic case, can made the angle 0 or it/2 with the 
crystal frame. [12] 
For uniaxial superconductors in fTii (along a), one can have 
temperature, = 7. 
(32) 
or 
R= (33) 
For 7nj_ Tn||, i2 > 1 in both cases, i.e., there is only one orientation of the lattice, 
with the height of triangles along the 6-axis. Assuming a small anisotropy in the a-b 
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plane, mi ^ m2, similar effects arise in too, with 
(34) 
V 
or 
In this case one can have both orientations, with the height of triangles along the 
a-axis {R > 1) or along the 6-axis (iZ < 1), provided that 
i < ^ < 3. (36) 
o mi 
It seems that this is the case in YBa2CngOy_^ single crystal, where the vortex 
lattice anisotropy in the basal plane was observed by the decoration method. [13, 14] 
The compression of the vortex lattice in perpendicular field (along c) was always 
in the direction perpendicular to the 6-axis, making an angle 0° or 30° with the 
side of undeformed triangle. This is in accordance with theoretical predictions. The 
compression \Jm1lm2 is indeed along the axis with larger effective mass (here a), 
along the height of the triangle, Eq.(34), or along the side of the triangle, Eq.(35). 
The amount of compression estimated from the experiment [13,14] is \jmYlm2 % 1.2. 
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II. MODEL FOR THE REVERSIBLE MAGNETIZATION OF HIGH-zc 
TYPE-II SUPERCONDUCTORS: APPLICATION TO HIGH-Tc 
SUPERCONDUCTORS 
A. Introduction 
The vortex structure of a type-II superconductor was first studied by Abrikosov [1], 
based on the Ginzburg-Landau equations [2], for the cases of low and high magnetic 
field H, i.e., H — H^i <C iTd and Hf.2 — H *C where Hf.i and Hq2 are the lower 
and upper critical fields, respectively. For the intermediate field «C -ff "C Hc2^ 
where the Ginzburg-Landau equations cannot be solved in closed form due to their 
nonlinearity, the London model [3, 4] has provided the only detailed phenomenolog-
ical description for extreme type-II superconductors for which the Ginzburg-Landau 
parameter « = A/^ obeys k >> 1 (here A is the penetration depth and ( is the co­
herence length). In the London model the local magnetic flux density of a type-II 
superconductor in the mixed state (vortex state) is represented by a linear superpo­
sition of the fields of isolated vortices, which is valid only when « is large and the 
vortex spacing is large compared with Although the London model can give a good 
qualititive account of the mixed state in the restricted field region, it suffers from its 
singular property that both magnetic flux density and the supercurrent density of an 
isolated vortex diverge on the axis of the vortex, because the depression of the order 
parameter to zero on the axis is not accounted for by the model. 
In Ref. 5, one of the authors proposed a variational model for an isolated vor­
tex, which reduces to the London model outside the vortex core but has the added 
advantage of yielding realistic results in the vortex core vicinity. Simple analytic 
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expressions for the magnetic flux density and supercurrent density of an isolated 
vortex easily can be obtained from this model, and they have the same qualitative 
behavior as found by solving the Ginzburg-Landau equations numerically. In Ref. 6, 
it is argued that the procedure of obtaining the local magnetic flux density by a 
linear superposition of contributions of individual vortices is valid for arbitrary k 
and vortex spacing, provided these contributions are calculated using the correct 
spatially-dependent magnitude of the order parameter that is appropriate for the 
given vortex spacing. 
In this paper we extend the work of Refs. 5 and 6 to construct a model for the 
mixed state of a type-II superconductor and compare it to experimental results on 
an YBa2CugOY single crystal. This test case is of particular significance because 
of the considerable ambiguity in the determination of of the high temperature 
superconductors [7]. Here we will focus on a "diamagnetic the upper criti­
cal field for the onset of diamagnetism (in a mean-field sense, ignoring diamagnetic 
fluctuations at higher temperatures). It is now widely recognized that the magnetic 
phase diagram of these superconductors contains a vortex fluid regime at the tem­
peratures just below the diamagnetic -ffc2' which the magnetization behavior is 
fully reversible and the transport data show flux flow. According to Fisher et al. [8], 
because the phase 7 of the local superconducting order parameter $ varies with the 
Brownian motion of the vortices, a nonzero voltage appears for arbitrarily small ap­
plied currents, and so, strictly speaking, this regime is not superconducting, even 
though it may show substantial diamagnetism. This suggests that the diamagnetic 
is only a crossover, rather than a true phase transition as in the usual mean-field 
theory. 
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Nevertheless we presume that entropie effects in this regime are small, so that the 
diamagnetism of the vortex fluid resembles closely that of an ideal Abrikosov mixed 
state. Indeed, our theoretical treatment also neglects the specifically hexagonal vortex 
structure and merely assumes some averaged close-packed configuration. 
The mixed-state diamagnetism can readily be measured, and, when compared 
to theory, can give the diamagnetic Hç2- Close enough to ^c2' diamagnetism is 
given by 
where is 1.16 for a hexagonal array. This suggests that a linear extrapolation of 
M{H) or M{T) data should determine Hf.2{T). Welp et al. [9] first carried out such 
experiments on an YBa2CugOy crystal and deduced in this way a linear dependence 
of Hf.2 on temperature, with slopes of —1.9 T/K and —10 T/K for field parallel to 
the c- and the ab- axes respectively. As we shall show, our data are substantially the 
same as those of Welp et al.. 
Nevertheless, their data for M { T ) ,  and ours, show a noticeable field dependence 
in the slope dMfdT, in contrast to the prediction of Eq. (1). This leads to the 
peculiar result that if the same data are plotted as M{H) at fixed temperatures 
and extrapolated to determine Hq2{T), the Hf.2{T) is nonlinear with, on average, 
much lower slopes than those quoted above. Therefore there is a serious ambiguity 
in determining the correct ffg2(T), which the theory in this paper can help resolve. 
As we shall see, much of the data correspond to fields H far below Hf.2{T) and thus 
are not adequately described by Eq. (1). The more complete theoretical treatment 
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explains the field-dependent dM/tfT-slopes and restores the linear Hq2{T) behavior, 
but leads to a somewhat revised value of —1.65 T/K for dHç2ldT with field parallel 
to the c-axis. 
Another issue addressed by the experimental results is whether YBagCugO^ 
falls in the clean or dirty superconducting limit. Our crystals show resistivities in the 
range of 50 — 80 /iOcm just above Tc [10], whereas the crystal of Welp et al. shows 
120 /xîîcm. In the dirty limit, dHf,2ldT should scale linearly with resistivity. The 
similarity of our results and those of Welp et al. confirms the clean-limit behavior 
of these materials parallel to the Cu02 planes, which has also been deduced from 
transport [11] and optical [12] measurements. 
In Section B we give the details of our model and obtain an expression for the 
reversible magnetization of an isotropic type-II superconductor. In Section C we take 
the effect of anisotropy into account. In Section D we report experimental results on 
an YBa2CugOy single crystal, compare the results to the theory, and summarize. 
B. Reversible Magnetization of Type-II Superconductors 
We consider an infinite type-II superconductor in the mixed state. As can be 
shown [2,4,13] the Ginzburg-Landau free energy per unit volume over cross-sectional 
area A in a plane perpendicular to the vortices, measured relative to that of the Meiss-
ner state, can be expressed in dimensionless form as 
F == Fc + Ff^g + Fj^j  + Fj ,  (2) 
where 
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(l - f^) , (3) 
Fkj = jf (aa = a + , (5) 
and 
Ff = jl d^ph^ (6) 
are the condensation energy, kinetic energy associated with gradients in the magnitude 
of order parameter, kinetic energy associated with supercurrent, and magnetic field 
energy; / and 7 are the normalized magnitude and phase of the order parameter 
$ = $Q/e*'y ($Q is the magnitude of order parameter in absence of field); a is the 
vector potential satisfying Va = 0;b = Vxais the local magnetic flux density; 
and the two-dimensional  integral  is  taken over A. 
We use in this paper dimensionless units, which correspond to measuring the 
magnitude of the order parameter in units of $Q, length in units of A, magnetic 
field in units of y/^Hc = N^Q/27rA^, vector potential in units of y/^Hc^ = K^g/STrA, 
and energy in units of ffc/évr, where He is the thermodynamic critical field, and 
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(j)Q = kc/2e = 2.07 x 10"~^G-cm^ is the flux quantum (<^Q corresponds to 27r/K in 
the dimensionless expressions). 
In Ginzburg-Landau theory, the temperature dependence of a superconductor 
is contained in the scaling factors, such as •\/2Hc{T) and A(T), and therefore all 
physical quantities in their dimensionless form are independent of T, and the only 
parameter intrinsic to the sample is k. 
The second Ginzburg-Landau equation is 
j = -/^aa, (7) 
where j is the supercurrent density. 
For a vortex centered on the z-axis, in terms of cylindrical coordinates p, (j) and 
z, with unit vectors p,^ and i,7 = —<f),h — zhz{p),S = ^3^{p) & = ^a^{p). We 
have V7 = —= —^(1//?), ag = — l/np), and therefore 
V X aa = z 
- —f(p)] . (8) 
For an array of vortices at positions pj, we have 
V X ag = z 1 2  K P  -  P i )  
" i 
(9) 
where each term in the summation represents one vortex carrying one quantum of 
magnetic flux centered at p^. 
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Using Eqs. (7) and (9), and with the help of Ampere's law j = V x b and the 
divergence theorem, we find that the electromagnetic free energy per uidt volume 
Fem = Fjgj + -fy can be simply written as 
where B = 2irI is the averaged magnetic flux density, is the unit cell area 
of the flux-line lattice {B = in conventional units), and 6z(0) is the local 
magnetic flux density at the center of a vortex resulting not only from the vortex's 
own field but also that of all surrounding vortices. 
Our approach is to apply superposition and write 
where bQg{p—p^) is the magnetic flux density of an isolated vortex located at and 
the summation runs over all vortices; and to obtain we follow the procedure of 
Ref. 5 and take into account the effect of overlapping of vortices. We assume for the 
order parameter a trial function 
Fem = Bbz{,0), (10) 
h{p) =  ^ bQ2{p- Pi) ,  (11) 
i 
f foo, (12) 
where and foo are two variational parameters representing the effective core ra­
dius of a vortex and the depression in the order parameter due to overlapping of 
vortices, respectively. It is expected that foo —»• 1 as B —> 0 and foo —> 0 as 
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B —> 5^2 (j^c2 — ^c2 = t ill the dimensionless units). Then, with the help of 
Ampere's law and b = V x a, the second Ginzburg-Landau equation can be solved 
analytically, and we find 
where Kn{x) is a modified Bessel function of n-th order. 
We calculate bz in the Appendix, where we introduce a Fourier transform of 
transform the lattice summation in Eq. (11) into one in the corresponding reciprocal 
lattice, and then make the approximation of replacing the summation by an integral. 
Therefore, Eq. (10) becomes 
With / being given by Eq. (12), Fc and are calculated by taking the inte­
gral over one lattice cell, which is approximated by a circle centered at a vortex axis 
and having the same cell area. As mentioned in the introduction, this approxima­
tion means that we neglect the energy differences between specific vortex structures 
(hexagonal, square, amorphous • • •), which we expect to be only a few percent. We 
nivKii fooCv) (13) 
BfooKQ + 2BK^ 
K^vKi{fooiv)  (14) 
find 
2 
oo) + 2 2 
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and 
«(2 + 
(16) 
Now the variationally-calculated total free energy density F is the sum of Fc, Fj^g 
and Ferrii given by Eqs. (15), (16), and (14), where the variational parameters foo 
and (v satisfy 
= 0 (17) 
d f o o  
and 
dF % = » •  
The thermodynamic magnetic field H is given by 
(19) 
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where the second line is obtained by using Eqs. (17) and (18). By a straightfoward 
calculation we find 
H = « f 2  "/(«su 1 - /œ ^ A _ 1-/00 /oo 
2 J 2 + B«^2 (2 + 5«e2] 
/^(2 + 3B<2) 
2k(2 + 
+B + /oo 
(20) 
2K^t;iirj^(/oo^v) 
/ r-r V B/eCuiTi Uvy/fx + ^Bn] 
Kq Uvy/fL + 2B«) /\ ^ 
^ ' V/&) + 2Bk 
where the first two terms correspond to Fc and respectively, and the last two 
terms correspond to Fem- The magnetization M is related to H by 
— éirM = H — B. (21)  
Equations (20) and (21) give us the implicit function M { H ) .  
Note that H is the internal field, which is equal to the applied field only for a 
sample of zero demagnetization coefficient, but is approximately equal to the applied 
field when the demaganetization effect can be neglected. For the case when the 
demagnetization effect is important, H is equal to the applied field minus the field of 
demagnetization (see Ref. 4). 
is given by the limit of fT as B —» 0. We get 
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jî . = + J_ + ^oi^vo) 
8 ^ 8K ^ 2<o^l(^t;0) 
(22) 
where is the value of at B = 0 which minimizes the free energy of a single 
vortex and satisfies 
For K 1, we see that n^yQ % V^. Note that both Eqs. (22) and (23) have been 
obtained in Ref. 5, which are the limits of our Eqs. (20) and (18) as B > 0, as 
expected. 
In principle foo and (y are found for arbitrary B and k by solving Eqs. (17) 
and (18) simultanously, but this procedure involves numerical analysis and is not 
convenient in practical use. Instead we approximate /oo(«> B) and ^«(/c, B) by some 
suitable functions. We find the following formulas are good approximations for the 
cases of « > 10: 
(23) 
(24) 
(25) 
For smaller k the above formulas need modification; for example, for K % 5, (t, is 
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better approximated by 
Ê)  ='" ' ( ! ) ' '  
with foo remaining unchanged as given by Eq. (24). 
Curves of — 4 i r M { H )  for the cases o f  k =  5  and k =  5 0  are calculated by using 
the above formulas and shown in Figs, la and lb. Abrikosov's high-field results, 
Eq. (1) with 13= 1.16, for the same values of n are also shown for comparison. As 
can be seen, our results satisfy the qualitative properties of type-II superconductors: 
the slope, d{—4irM)ldH, is infinite at in the high-field region we recover the 
Abrikosov's result that —AttM decreases linearly as H increases and vanishes at Hq2' 
Because of our use of the circular cell approximation in Eqs. (15) and (16), the 
magnitude of the limiting slope of —AvM versus H obtained from Eqs. (20) and (21) 
is actually slightly less than that of the Abrikosov result [Eq. (1) with = 1.16 for 
a hexagonal array] very close to Nevertheless, as seen from Figs, la and lb, 
our results are practically indistinguishable from the linear Abrikosov curve over the 
field range 0AHq2 < H < Hf.2. Quantitatively, as shown by the comparison with 
Abrikosov's high-field result, our results appear to be a good approximation to the 
solution of the Ginzburg-Landau equations. 
C. Effects of Anisotropy on the Magnetization 
In this section we generalize the model described in the last section to the case of 
anisotropic type-II superconductors. The anisotropy of superconductivity has been 
studied for a long time in the framework of Ginzburg-Landau theory by introducing a 
(26) 
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phenomenological effective mass tensor [14]-[19] which has the principal values 
(i = 1,2,3 = a,h,c). The dimensionless units described in the last section remain 
unchanged if we take as the unit of length the scalar A = (Mc^/lGire^Wg)^/^ with 
the mean mass M = and express | and « in terms of M by the usual 
relations ( = <})q/2-\/2iv\Hc and k = X/^. It is convenient to define a normalized mass 
tensor [18,19] m^j = M^jjM with principal values mj = M^jM\ thenmj^m2m3 = 1. 
If we choose a coordinate system aligned with the principal axes, then = 
miS^j. In the anisotropic mass form the kinetic free energy density terms are written 
as 
=I / (28, 
smce Expressions for Fc and Fy remain the same as given by Eqs. (3) and (6), 
they do not involve mass explicitly (when written in conventional units). The second 
Ginzburg-Landau equation is 
f2_  .  
i; = (29) 
It was shown in Ref. 17 that the free energy density and Ginzburg-Landau equations 
can be transformed to isotropic forms by a simple transformation if k is replaced by k 
that depends on the orientation of the vortices. This transformation was later shown 
39 
to be valid only when H is along a principal axis [18]-[20]. We consider here only the 
case when H is applied along one of the principal axes. For vortices aligned along 
the a;g-axis, the transformation reads 
(30) 
and 
h = h ih = hhz)^ (31) 
(32) 
it = (33) 
'-:k-
This transformation preserves the relations that j = Vxb, b = Vxa and V • b = 0, 
and it suggests that we assume for the order parameter 
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with 
(36) 
which can be transformed to isotropic form [Eq. (12)] by the above transformation. 
Thus we can calculate the properties of the vortex state in the transformed frame 
exactly as in the isotropic case, except that the usual Ginzburg-Landau parameter « 
is replaced by k. Therefore, the final results can be obtained by simply replacing k by 
K in the expressions for their isotropic counterparts. For example, for the isotropic 
case we have Hf.2 = k and H = H{B,Ky, then for the anisotropic case with the 
f i e l d  a p p l i e d  a l o n g  t h e  z g - a x i s  w e  h a v e  H f . 2  =  k  —  n j a n d  H  —  H { B , k )  =  
H{B,kI^m^), where H{B,k) is given by Eq. (20). Note that, if the vortices are 
aligned along the x\- or the the corresponding results can be obtained by 
cyclic permutation (1—>•2—>3—^lora—>6—^c—>a). 
For the case that H is applied along arbitrary direction, Hf.2 has been found [15] 
by linearizing the first Ginzburg-Landau equation, i.e., essentially in the same fash­
ion as in the isotropic case: 
f f c 2  = "  (37) 
where 
K (38) K = 
a 
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a = sin^ 0cos^ <f) + 7712 sin^ 0sin^ ( f)  + 7713 cos^ 0^^^^ ,  (39) 
and 0 and ^ are the polar and azimuthal angles of the applied field with respect to 
the principal axes. Equation (34), for example, corresponds to the case when 0 = 0. 
For lower fields, when the field is not applied along one of the principal axes, the 
vortex structure is much more complicated, because the direction of b(p) is not a 
constant [16, 18]. 
D. Determination of the Upper Critical Field of a YBa2CugOy_g^ Single 
Crystal from Reversible Magnetization Measurements 
In this section we apply the theoretical results of the last two sections to analyze 
the experimental reversible magnetization measurements for a YBa2Cu30y single, 
crystal and obtain the temperature dependence of the upper critical field ffg2 near 
the transition temperature Tg. ffg2(^) important quantity, since it provides 
information about the microscopic properties of the superconducting state, including 
the magnitude of the coherence length and the degree of anisotropy. 
A twinned single crystal of YBa2Gu30y was grown by methods described el­
sewhere [21]. It weighed almost 1 mg and was 110 /im thick. Low-field Meissner 
measurements showed over 90% flux expulsion, indicating it was close to fully super­
conducting (see Fig. 6 of Ref. 22). The ac susceptibility [23] showed a single loss peak 
less than 0.2 K wide, comparable to the best of our samples. The temperature depen­
dent dc magnetization was measured in a Quantum Design SQUID magnetometer 
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in fields up to 5 T. A scan length of 5 cm was used and temperature was stabilized 
to within ±0.05 K of the target temperature prior to measurement. A 15 minutes 
delay was introduced after field changes in order to permit full stabilization of the 
system. An accuracy of 2 x 10"® emu was obtained for these measurements. The 
onset of irreversibility could be detected by a deviation from approximately linear 
M{T) behavior at lower temperatures. 
Figure 2 shows the temperature dependence of the zero-field-cooled magnetiza­
tion near Tc for various values of applied magnetic field Ha oriented parallel to the 
c-axis (perpendicular to the Cu02 planes). We observe that the magnetization is 
reversible in a temperature range of approxinately 8 K below Tc- The solid lines are 
the corresponding theoretical fittings based on the data in the reversible region. The 
deviation of the experimental points for 1 T from the theoretical curve below 84 K, 
for example, is attributed to magnetic irreversibility of the sample in this region; the 
theoretical curve describes only the reversible magnetization. 
The fitting procedure is as follows. In the last two sections we obtained a func­
tion —47rAf'(/c, 5'). Note that B' = H' + iirM' gives the connection between 
the experimental quatities. Here we use primes to denote dimensionless units in 
which fields are measured in units of -^/^HciT). Because the magnitude of the 
magnetization is small compared with the applied field, the demagnetization ef­
fect can be neglected; thus = Hh = HalV2Hc{T). We choose a set of data 
{—47rMj, (i = 1,2, • • •) at the same T from the reversible region in Fig. 2, and 
take the ratio Assuming a value of k, this ratio corre­
sponds to a value of B'. We solve for this value of B', compute the corresponding 
—AttM' and , and then compute y/2Hc{T). We do this for i = 1,2, - If the 
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value of k is "right", we get the same value of s/2Hc{T) for each data point. The 
value of k is determined to give the smallest deviation. We then take the average of 
y/2Hc{T) for the chosen k.  Therefore, from the fitting we obtain both the value of k 
and the temperature dependence of Hc{T) [or Hf,2{T) = ky/^HciT)]. 
The data points used for the fits to obtain kc and Hc{T) are in the ranges 
84 < r < 89 K and 1 < Ha < 5 T. Here kc means the value of k for H parallel to 
the c-axis. Our best fit gives kc = 57 dt 5. Figure 3 shows versus of the 
experimental measurements and the theoretical fitting. Here the range of the error 
estimate has the meaning that for all values of kc within the range, the resulting 
fittings can be considered as good (the difference between any two of them is not 
obvious to the eye), while for the values of kc outside the range the resulting fittings 
clearly become worse than the best one (the diflferences become visually appreciable). 
In Fig. 4 the solid points exhibit y/2Hc{T) versus T, and the line shows a fit to the 
BCS temperature dependence of Hc{T) [24] 
-m= ( '  - 1 )  h  "  ( '  - B l '  
which yields V^^c(O) = (1.56 ± 0.09) x 10^ Oe with Tc = 94.1 ± 0.2 K. [If the 
1 — {T/Tc)^ temperature dependence is assumed, slightly lower values of y/2Hc{0) = 
1.40 X 10^ Oe and Tc = 93.9 K are obtained.] The slope dHf.2{T)ldT from the fit to 
the BCS temperature dependence is —1.65 ± 0.23 T/K at Tc. 
To estimate the coherence length at zero temperature one may use the expression 
'^c2||c(^) = ^Q/27r(g^(0), where we ignore anisotropy in the ab plane. The relation­
ship between Hf.2{0) and dHf.2ldT at Tc in the isotropic superconductors is [4, 25] 
44 
^c2(0) = 0.5758 (^) dHc2 dT (41) 
In the dirty limit kj(0)/« = 1.20 [26, 27], while in the clean limit K]^(0)//t = 1.26 [28]. 
These expressions yield (^^(0) = 17.6 ± 1.3 Â assuming the dirty limit and (^^(O) = 
17.2 ± 1.2 Â assuming the clean limit. 
As discussed in the introduction, evidence favors the clean limit. The deduced 
ffci||c(0) and ^c2||c(0) 784 ± 12 Oe and 112 ± 16 T respectively. The ^ci||c(0) 
value agrees reasonably with extrapolated values from high temperature flux pene­
tration experiments [29], though not with low temperature studies which give much 
higher values [30]-[32], but which may be affected by surface barriers. The ^c2||c(0) 
values are significantly larger than values reported in pulsed field measurements [33], 
which may indicate some problem in the extrapolation to low temperature. The 
thermodynamic critical field Hc{0) is 1.10 ± 0.06 T. 
The theoretical curves of —AvM versus T in Fig. 2 are calculated using the 
above fitting results. The slope of —47rM(r) for constant Ha is given by 
ô(—47rM) 
dT ~ H 
idB' _bI 
dH' 
d{y/2Hc) 
dT ' (42) 
which becomes jffa-independent in the Abrikosov linear region. 
5(—47rM) 
dT (2k2-1)/?^ dT (43) 
As we can see from the solid curves in Fig. 2, the Abrikosov linear region (as calcu­
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lated from the mean-field theory neglecting fluctuations) is limited to values of T very 
close to Tc for these values of Ha- For example, for Ha = IT this region is restricted 
to a region of the reduced temperature (7^2 -- ^ )/?c < 0.02. The field dependence of 
the slope shows that the apparently linear curves in the lower temperature region are 
outside the true Abrikosov linear region. Figure 3 shows more clearly that the major­
ity of the data points are in the lower field region where Abrikosov's high-field result 
does not apply. Therefore, the conventional procedure in whiih one focuses on the 
apparently linear region at the lower temperatures and extrapolates to —4TrM = 0, 
ignoring the region near Tc, results in values for 2^2 Tc that are too small and a 
magnitude of the slope of versus T that is too large. The reason that the slope 
of Hf,2{T) is less with the present method of analysis is that the difference between 
Tg2 by the present method and Tg2 by the conventional method is greater at lower 
fields than at higher fields. 
We also find that in order to fit the data in the region T > 90 K, much larger 
and temperature dependent values of kc must be used; e.g., kc = 70 for T = 90 K 
and Kc = 110 for T = 91 K. Such behavior is very different from the prediction of the 
Ginzburg-Landau mean-field theory, according to which the value of kc is a constant 
near Tc. This suggests that T > 90 K is a fluctuation region where the mean-field 
theory becomes invalid. 
The extrapolated transition temperature of 94.1 ± 0.2 K can be compared to the 
observed onset of ac loss in the 1 MHz ac susceptibility at 93.7 d: 0.1 K and a loss 
peak at 93.5 ± 0.1 K. While these values are just about within experimental error of 
each other, the results suggest that the diamagnetic mean-field Tc may be slightly 
higher then the true Tc, as expected theoretically [8]. However such shifts due to 
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critical phenomena are clearly small, limited to a few tenths of a degree at most. 
In summary, we have introduced a new method for obtaining from the Ginzburg-
Landau theory a good approximate analytic expression for the mean-field-theory 
magnetization of an anisotropic superconductor as a function of temperature and 
field H for all values in the range to We have applied this method to 
analyze experimental magnetization data from a single crystal of YBa2GugOy, taken 
as a function of temperature at constant values of the applied magnetic field. We 
have obtained a good determination of the upper critical field slope for H parallel to 
the c-axis by making use of the data in a window of temperatures above those for 
which flux pinning makes the magnetization curves irreversible and below those near 
Tc where fluctuations occur. 
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Appendix: Calculation of the Local Magnetic Flux Density 
For a two-dimensional array of vortices at the positions p£ = L, where L is a 
lattice vector, there is a corresponding two-dimensional reciprocal lattice of lattice 
vector G such that e*®"' = 1. Now let us introduce the Fourier transform of 692 
given by Eq. (13) 
hzii) = f d^phzip)^ 
(Al) 
(A2) 
«V^9^ + /«5-K'i(/OO^V) 
where we have used the formulas [34, 35] 
(A3) 
and 
dxxjQ{Px)KQ {a\l-f z2j (A4) 
(Note that fcozC®) — 27r//c is the flux quantum.) Then Eq. (11) becomes 
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^z{p) = Y.hzip-'^) 
L 
(A6) 
(AG) 
(A7) 
where the relation 
-^celi E «"•"' = (2")^ E«(q-G) 
L G 
(A8) 
has been used. Using the fact that B = 2tcjand separating the term with 
G = 0 from the summation, the above equation becomes 
hz{p) = B 1 +  E  
G^O + f^Ki{fooiv) 
(AG) 
The magnetic flux density at the vortex center is obtained by setting p=0: 
bz{0) = B 1 +  E  
fooKi {iv\/G^ + fV) 
G^o V^ + y&a-if/oob) 
(AlO) 
We approximate the summation in G-space by an integral taken over the outside of 
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the flist Brillouin zone: 
(All) 
where = (2v)^fA^^n is the area of the first Brillouin zone, and 
the zone boundary has been approximated by a circle of radius That B = 
(All) is valid only at low field when the reciprocal lattice spacing (which is inversely 
proportional to the vortex spacing) is small, for high field the error due to the ap­
proximation is reduced by the fact that the contribution of the sum becomes small 
compared to that of the G = 0 term; we therefore use the approximation for the 
whole field region. Thus, we get 
2ivIkA^^II gives = V2Bk. Note that, although the approximation of Eq. 
(A12) 
The above equation shows the properties that 6z(0) —* 6Q2(0) when B —* 0 and 
6z(0) —> B when B becomes large. 
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Figure 1: Calculated —AttM versus H in dimensionless units for (a) /c = 5 and (b) 
K = 50, where the dashed lines are the corresponding Abrikosov high-field 
results 
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Figure 1: (continued) 
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Figure 2: Magnetization versus temperature for various values of applied field par­
allel to the c-axis. Points represent data on an 1 mg YBa2CugOy crystal, 
taken in increasing temperature after zero-field cooling; lines represent 
theory described in the text. The deviations of the experimental data 
from the theoretical curves below about 84 K are due to pinning effects 
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Figure 3: Magnetization versus applied field in reduced (dimensionless) units. 
Points represent the same data as in Fig. 2 for a YB^OugOy crystal 
with field parallel to the c-axis. The scaling factor •s/2Hc{T) and the 
value of K are obtained using the method described in the text 
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Figure 4: The temperature dependence of s/^Hc (points) and the At to the BCS 
temperature dependence (solid curve), deduced from magnetization data 
on an YBa2CugOy crystal with Aeld parallel to the c-axis 
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III. REVERSIBLE MAGNETIZATION AND TORQUES IN 
ANISOTROPIC HIGH-k TYPE-II SUPERCONDUCTORS 
A. Introduction 
The goal of this paper is to derive expressions for the reversible magnetization 
and torques in anisotropic high-/c type-II superconductors. Although our theoretical 
starting point is the anisotropic Ginzburg-Landau theory, analytic results can be 
obtained only near the upper critical field. We therefore use a physically motivated 
model that enables us to obtain results for the reversible magnetization and torques. 
These results, despite their relative simplicity, should be valid to good approximation 
over a wide range of temperature and magnetic field. 
The effects of anisotropy on the magnetic properties of type-II superconductors 
can be most simply accounted for in the framework of the Ginzburg-Landau theory [1] 
by introducing a phenomenological effective mass tensor [2]-[7] which has the 
principal values Mj (i = 1,2,3). It is convenient to define a normalized mass tensor 
m^j = with principal values = M^/M, where the mean mass M = 
then 771177127713 = 1. 
In Ref. 8 the reversible magnetization is considered for an isotropic type-II su­
perconductor and for an anisotropic type-II superconductor when the applied field 
H is oriented along one of the principal axes of the sample, in the entire field range 
between the lower critical field and the upper critical field Hq2- k this paper 
we consider an anisotropic type-II superconductor for the general case that H is ap­
plied along an arbitrary direction with respect to the principal axes. As shown in 
Ref. 8, for an infinite sample in the mixed state, the Ginzburg-Landau free energy 
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per unit volume over cross-sectional area A in a plane perpendicular to the vortices, 
measured relative to that of the Meissner state, can be expressed in dimensionless 
form as [1, 8]-[10] 
F = Fc + Ff^g + Fj^j + F J, (1) 
where 
Fc = i - fh", (2) 
% = ÏI (3) 
and 
Pf = jl («) 
are the condensation energy, kinetic energy associated with gradients in the magnitude 
of order parameter, kinetic energy associated with supercurrent, and magnetic field 
energy; / and 7 are the normalized magnitude and phase of the order parameter 
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$ = ($Q is the magnitude of the order parameter in the absence of a field); 
K is the Ginzburg-Landau parameter; is the normalized inverse mass tensor 
di = djdxi', a is the vector potential satisfying V-a = 0;b = Vxa 
is the local magnetic flux density; and the two-dimensional integral is taken over A. 
The convention of summing over repeated indices is employed. 
Here the dimensionless units correspond to measuring the magnitude of or­
der parameter in units of length in units of the mean penetration depth A = 
(Mc^/16ire^$Q)^/^, magnetic field in units of y/2Hc, vector potential in units of 
y/2Hc^ and energy in units of ffg/éir, where He is the thermodynamic critical field. 
The mean coherence length ( and « are expressed in terms of M by the usual rela­
tions ( = (f>Ql2y/2irXHc and k = A/f, where 0q = hcf2e = 2.07 x 10"^ G-cm^ is the 
flux quantum (^q corresponds to 2ir/K in the dimensionless expressions). The mean 
values of ^ and A are related to the values = (/y/ml and A^ = A^^n^ for spa­
tial variation of order parameter and supercurrent, respectively, along the principal 
directions i {i = 1,2,3) via ^ and A = (A2A2Ag)^/^. 
The second Ginzburg-Landau equation is 
Ji = (6) 
where j is the supercurrent density. 
For a vortex centered on the zg-axis, in terms of cylindrical coordinates (/?, (f>, zg), 
we have Vf = —V0, a^ = a — ^(1/k/j), and therefore 
V X ag = b — zg--^6(p). (7) 
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For an array of vortices at positions pn, we have 
27r 
V X ag = b - ég—^S{p — pn), (8) 
« n 
where 5(p) is a two-dimensional 5-function and each term in the summation repre­
sents one vortex carrying one flux quantum of magnetic flux centered at pn- We 
choose hereafter a coordinate system such that the zg-axis is parallel to the averaged 
magnetic flux density B, i.e., zg = B, so that b = b(a!]^,aj2). 
In general the direction of b(p) is not a constant, [4, 6] and b has a component 
transverse to B, of which the average is zero (since the average of b is B by définition). 
Using Eqs. (6) and (8), and with the help of the Ampere's law 
j = V X b (9) 
and the divergence theorem, we find that the electromagnetic free energy per unit 
volume Fem = F^j + can be simply expressed as 
Pem = B • b(0) 
= ^63(0), (10) 
where B = 2ir/KA^çii, is the unit cell area of the two-dimensional flux line 
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lattice [B = in conventional units), and b(0) is the local magnetic flux 
density at the center of a vortex. 
Note that so far the discussion and the equations are the generalizations of the 
special cases that were considered in Ref. 8. 
From Eqs. (6), (8) and (9) we obtain the coupled equations for the components 
Since / is also an unknown in Eqs. (11), in principle one has to solve these 
equations and the first Ginzburg-Landau equation [l]-[3, 7] simultaneously. Because 
of the nonlinearity, however, these equations can not be solved analytically. The 
simplest approximation is the London model [9, 11], in which the order parameter 
is assumed constant, i.e., / = 1. Although the London model can give a good 
qualitative account of the mixed state in the low and intermediate field regions, it 
suffers from its inability to account for the efiTects of the depression of the order 
parameter to zero at the vortex center, a deficiency that can produce significant 
quantitative error in calculations of the magnetization. This point will be discussed 
in detail in a forthcoming paper [12]. 
As an improvement of the London model, one of the authors proposed a vari­
ational model [13] for an isolated vortex, which reduces to the London model well 
outside the vortex core but has the added advantage of yielding realistic results in 
the vortex-core vicinity. This model was later extended to the case of a flux-line 
of b: 
(11) 
where is the Levi-Civita symbol. 
63 
lattice. [8, 14] It permits one to calculate the free energy analytically including, in 
addition to the term Fem^ the terms Fc and Fj^g arising from the suppression of 
the order parameter in the vortex core, and is able to produce results that are not 
only qualitatively but also quantitatively good approximations to the solutions of the 
Ginzburg-Landau equations. [8, 13, 14] 
In the next section we first use the London model to show that, when H -fi^cl' 
the free energy density of an anisotropic type-II superconductor in a field H that is 
arbitrarily oriented with respect to the principal axes of the sample can be obtained 
from its corresponding expression in the isotropic case by simply replacing « by an 
angle-dependent k that depends on the orientation of H. In Section C we then apply 
the variational model of Ref. 8 and calculate the magnetization, which is not parallel 
to H in general as a consequence of the dependence of F on the orientation of the 
flux line lattice. In Section D we evaluate the torque that arises from the transverse 
component of the magnetization and discuss its dependence upon the magnitude 
and the orientation of the applied field and upon the temperature. In Section E we 
summarize our results. 
B. The London Equations 
It is shown in Ref. 5 that the free energy density and the Ginzburg-Landau 
equations can be transformed to isotropic forms by a simple transformation of vari­
ables if K is replaced by k that depends on the orientation of the vortices with respect 
to the principal axes. This transformation was later shown to be valid only when the 
applied field H is along one of the principal axes [6, 7] and to be approximately valid 
for K 1 and H near Hg2 when H is not along one of the principal axes. [7] In this 
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section we show that this transformation is valid to good approximation for arbitrary 
orientation of H for the case that k 1 and H ^ (including intermediate and 
high fields). The London model is used for the derivation of our conclusion. 
When / = 1, Eqs. (11) reduce to the London equations [6], which read 
h = + ("^23^1^2 - ™13#2)&3' (12) 
h ~ "^33^^2 +("^13^1^2" "^23^1)^3' (13) 
h = ("^22^1 - 2^12^1^2 + "^11^2)^3 ~ '^13^h - ^23^h 
H (14) 
n 
where A = + d^, V • b = 0, = 0, and m^j = The quantity we want to 
solve for is 6g(0) as a function of B, since Fem = ^6g(0). 
The system of Eqs. (12)-(14) can be solved by introducing the Fourier transforms 
bdp) = / (i = 1,2,3), (IS) 
and 
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= / 7^(M^BZ«(k-GK:"''. (16) 
(27r)^ G 
Here G is the reciprocal lattice vector of the corresponding two-dimensional flux-Une 
lattice, such that — 1, and we have used the relations 
Acell E E <(k - G) (17) 
n G 
and B = 27r//Ci4gg^^. We find 
63('=)=^^^^^(2')^-BE<(k-G), (18) 
where 
ti(k) = (l-fTn22*îi-277112*1 A:2+miiAr2)(^ + "^33*'^)~*'^("*23*'l ~"^13^2)^' (19) 
and therefore 
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63(0) = 
= B 1 +  E  
GfO 
1 + 
d{G) (20) 
In ail terms of the summation, because is the order of the inverse of the 
intervortex spacing L  (|G|^^^ ~  X / L  in conventional units), is the order of 
K^ B I H f .2' When H  » 2 ^ 1, and we may expand Eq. (20) in powers of 
the small quantity G~^, obtaining to first order [15] 
^3(0) 1 +  E  
G^O ^2^1 ~ + ^ 1^2 j 
(21) 
where 
fhi = mil-77113/77133, (22) 
"12 = ^22-^23/^33 y (23) 
'"12 = ™12 -™13™23/™33' (24) 
We can diagonalize the denominators of the terms in the summation of Eq. (21) by 
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choosing the axes a?j and X2 properly so that mj2 = 0, or 
"^12^33 - '"13"»23 = 0. (25) 
We determine such axes in the Appendix. Then Eq. (21) becomes 
63(0) ~ B 
\ 
^Qrh2G\+fhiG^ , (a»#cl). 
(26) 
We notice that Eq. (26) could have been obtained by solving the equation 
63 = (^2^1 + ^ 1^2) ^3 IZ ^ (P ~ Pn)i (27) 
n 
by the method of Fourier transformation under the same condition that H . 
This proves the useful property that, for H > the system of Eqs. (12)-(14) 
and Eq. (27) are equivalent in calculating 6g(0), and therefore Fem- Equation (27) 
is of the same form as that for the case when B is parallel to a principal axis, as 
can be seen from Eq. (14) when the coordinate axes are the principal axes, so that 
This means that we may use the approximation 
(28) 
where m\ and 7712 are given by Eqs. (22) and (23), 
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^3 = "^33' (29) 
and 
rh\rh2ih^ = 1, (30) 
which can be shown using Eq. (25) and det(m^^) = 1, in analogy to the relation 
771^7712X713 = 1. rhi (i = 1,2,3) depend on the orientation of B, and reduce to 
when B is aligned along a principal axis. 
Using a simple transformation of variables, [5, 8, 16] 
®i = \/^3^ ®i' (* = 1,2), (31) 
we can transform Eq, (27) into the isotropic form 
63 = (9? + â|) 63 + ^ s: «0 - p„), (32) 
n 
where 
k = nj yjfh^ (33) 
and S{ax) = a~ltf(®). 
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It is expected from Eq. (32) that the final expressions for 6g(0) and Fem are the 
same as those of the isotropic case, except that k is replaced by k. This means that 
the procedure of obtaining the free energy density of an anisotropic superconductor 
from its isotropic counterpart by replacing k by «, a procedure which is valid for the 
case that B is parallel to one of the principal axes for arbitrary value of H between 
Hf.1 and -^^2' I®' ^Jso valid for the case that B is not parallel to one of the 
principal axes, but only if fiT Although this result was obtained using the 
London model, we expect it also to be valid in the context of the Ginzburg-Landau 
theory. 
For H close to , when the intervortex spacing is comparable to or less than 
the penetration depth, the vortex interactions for the case that B is not parallel to one 
of the principal axes differ strongly from the case that B lies along a principal axis. 
For example, it has been argued [17]-[19] that parallel vortices in uniaxial layered 
superconductors {mi = m2 < mg) can attract each other when the vortices are not 
parallel to one of the principal axes and the intervortex spacing is of the order of the 
penetration depth. 
C. The Variational Model and the Reversible Magnetization 
In the following we consider only the case that H Hcl^ and simply apply 
the conclusion obtained above using the London model to the variational model in 
Ref. 8. Using the approximation of Eq. (28) in Eq. (11), we get 
63 = ih2di + Thid2 Pn)^ (34) 
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and Eq. (3) becomes 
(35) 
Following Ref. 8, if we assume for the order parameter the trial function 
/ = 
Vp^'+il 
foo (36) 
with 
7712 TTlJ 
(37) 
where and foo are the two variational parameters representing the effective core 
radius and the suppression of the order parameter due to overlapping of vortices, re­
spectively, then by the simple transformation of Eq. (31) we can transform Eq. (2) for 
Fc, Eq. (35) for Fj^g, and Eq. (34) for 6g(0) and thus for Fem into the corresponding 
isotropic forms with k replaced by k. The final result for F is therefore obtained sim­
ply by replacing k by k in the expression for the isotropic case obtained in Ref. 8; i.e., 
fl 
2 -K 
, (38) 
^ka = 
k{2 + Bk(^)^ ' (39) 
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BfooKo UvyJ& + 2Bk) 
and F is the sum of Fc, Fj^g and Fem- For the details of the calculations the reader 
is referred to Ref. 8. 
Note that F depends on the orientation of B only through k or 77x3, which is 
found in the Appendix to be: 
0 9 9 9 9 7713 = 771 sin 6 cos <f> + 7712 sin ^ sin ^ + 7713 cos 0, (41) 
where 9 and (j> are the polar and azimuthal angles of B with respect to the principal 
axes. 
In principle the variational parameters /oo and are determined as functions 
of B and « by solving 
= 0 (42) 
9foo 
and 
dF 
simultaneously, but this involves a significant amount of numerical analysis. Instead 
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the following approximations can be used [8] for « ^ 1: 
(44) 
Ê )  = h ' ( ^ - f ) ' f l h ( f )  I - (45) 
where satisfies 
&6uO = 1 - 4((i,o) 
KfiCvO)] 
1/2 
(46) 
from which we see that k^yQ — y/2 for k 1. Note that k = Hq2 — ^c2 ('he 
dimensionless units used here. 
The thermodynamic magnetic field H is given by 
H = gVaf, (47) 
and the magnetization M is 
— 47rM = H — B. (48) 
Equations (47) and (48) give us the implicit function M(H). Note that H is the inter­
nal field, which equals to the applied field only when the demagnetization effect can 
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be neglected. For « » 1 and H > /T^i, the demagnetization effect is unimportant 
since the magnetization is small as compared with the applied field. 
In terms of spherical coordinates, with unit vectors È ,  6  and we have 
H=(gg,  H0,  H^) ,  (49)  
-4TM = (gg-B, Hg, B^), (50) 
where 
HR = — 1^ 
2dB' 
Ha = J_^ 
2B de' 
. _J_af 
9 2Bsm«8^' 
(61) 
(52) 
(53) 
We see that the longitudinal magnetization = Hq — B is the same as that for 
isotropic case (except that k is replaced by /c), which has been considered in Ref. 8, so 
we consider here only the transverse components —4irMg = H g and —47rM^ = 
A straightforward calculation gives 
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J, ;i) (-"S - "•! ^ - ^"2 ^) »k 2» _ (54, 
H^ = (55) 
The quantity Q{B,k), which we call the torque function, is given by 
Q{B,k) = -k^ (56) 
Bfl, 
K 
1-/00 
=
9
8
 
2-\-Bk^y (2+BA(g)2 
2 + Wk(i + 2s2i4 
(2 + B%0)3 
(57) 
fcx>(vKi{foo(v) ^o((rV/&)+2g&) + 
Bk^v^l \//&)+2Bf^ 
^/oo + 2Bk 
where the three terms in the braces correspond to Fc, Fj^g and Femi respectively. 
The torque function Q is found to be positive. Thereforej if 7713 > m\ > 7712, for 
example, from Eqs. (54) and (55) we have Hq < 0 and < 0, which means 9' < 6 
and where and (j)' are the polar and azimuthal angles of H. This shows 
that, as compared with B, H orients closer to the axes along which the corresponding 
principal values of the mass tensor are larger. 
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For Â 1 and H H(.i, we have H^yQ ^ V^, 2Bk » and fooîvKi{fooîv) — 
1, such that Q{B,k) reduces to 
1 f2 f2 
~ loo Jo< 
1 + bg 2(1 + 6^)2 
1 + 36ff + 462^2 
4(1 + 6flr)3 + ifo (2v^) +^gKi(2 , (58) 
where 6 = B/k, and and ^ are given by Eqs. (44) and (45). 
In order to calculate —47rM(H) from H(B) [Eq. (47)] and 47rM(B) [Eq. (48)], 
one must first calculate numerically B for a given H from the relation H(B), and 
then compute —47rM. This is obviously a tedious task. Fortunately, because the 
magnitude of the magnetization is small compared with both H and B for H , 
we may simply replace B in —4?rM(B) by H to calculate the magnetization. In the 
following 9 and <f) are considered as the angles of H. 
The magnitude of the transverse magnetization = (Mq + at con­
stant temperature T and fixed orientation of H is proportional to {l/h)Q{h), where 
h = H/k is the reduced field. The calculated result of {ljh)Q versus h is shown in 
Fig. 1, curve a. The high-field result of Kogan and Clem [7] for a uniaxial type-II 
superconductor (mj^ = m2 9^ mg), is also shown for comparison as curve b. This 
result is the solution of the anisotropic Ginzburg-Landau equations for H near 
for K 1 it corresponds to replacing the torque function Q{h) by 
QkcW = ^(1 - (59) 
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where the Abrikosov constant = 1.16, [20] in Eqs. (54) and (55). Note that for 
the longitudinal magnetization the result of the variational model is almost identical 
to that of the Abrikosov high-field result in the field region 0.4 < h < 1, [8] while for 
the transverse magnetization the corresponding field region is limited to 0.8 < h < 1. 
The magnitude of the limiting slope of —4:irMj_ versus A as A —> 1 is slightly less 
than that of Kogan and Clem [7]. 
Consider an anisotropic type-II superconducting sample in the mixed state. 
When the transverse magnetization is not zero, there exists a torque T associated 
with it. For k ^ 1 and H 3» Hcl* since the magnetization is small compared with 
the applied field, demagnetization effects can be neglected, and it is an excellent 
approximation to consider the thermodynamic field H as uniform and equal to the 
applied field. In this case r is simply given by [21] 
D. Torques 
r  =  F M x H  (60) 
(61) 
where V is the volume of the sample, the torque function Q is given by Eq. (58), 
and the vector 
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P = — 7712) sin 6 sin 2<f> + ^(7713 — 771^ cos^ (f> — 77*2 sin^ (f>) sin 2tfj . (62) 
We return in this section to conventional (Gaussian) units. We also can express r in 
terms of the unit vectors (i = 1,2,3) of the coordinate system whose axes coincide 
with the principal axes: 
P = ^X]^(7rt2 — 7713) sin 29 sin (f> 
+ X2{m^ — 771^) sin 26 cos <f) + ^"3(771^ — 7712) sin^ 6 sin 2<^j . (63) 
If 7»3 > mi > 7712, example, from Eqs. (61) and (63) and remembering that 
Q > 0, we see that r-^ > 0, T2 < 0, and T3 < 0. Therefore r, which is acting on the 
sample, is tending to rotate the sample to the position such that the applied field 
is parallel to the a;2-axis, along which the corresponding principal value of the mass 
tensor is the smallest. Generally, since k (or Hf.2) is inversely proportional to the 
effective mass, r tends to orient the sample such that the value of k (or Hc2) 
largest. 
In the same way as for calculating —47rMj_, we replace B by H in Eqs. (61) 
and (63) for calculating r. Note that in Eq. (61) He is a function of temperature T 
only, P is a function of the angles 6 and ^ and the anisotropy ratio : 7712 : 7713, 
and Q is a function of the reduced field h = Hj Hf.2 which depends on T, H, 6, 
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and mi : m2 : mg. Therefore, the dependences of r upon H, upon the orientation 
of H, and upon T are determined by Q, QP {P = |P|), and H^Q, respectively. Also 
note that Q and P are dimensionless quantities and has the dimension of torque 
per unit volume. 
Torque associated with the transverse magnetization in an uniaxial anisotropic 
type-II superconductor was first studied by Kogan [22], and an expression for the 
torque in the intermediate-field region <C if -C Hf.2) was obtained by using the 
London model, which corresponds to replacing the torque function Q{h) by 
Qf C") = ^1- (%) (64) 
in Eq. (61), where rj is an unknown constant of order unity. 
The torque r versus H at constant T and fixed orientation of H, is determined 
by Q the torque function. In Fig. 2 we show the calculated result of Q versus h 
(curve a). Qj((^{h) [Eq. (59)] (curve b) and Qj({h) [Eq. (64)] for various values of 
Tf (curves c, d, and e) are also shown for comparison. Note that Q{h) [therefore r(k)] 
has a maximum at ~ 0.46, Qj{Q{h) has a maximum at k = 0.50, and Q j({h) has 
a maximum at h = i\ je. 
The Kogan result [22] has been used to fit the torque measurements on the high-
temperature oxide superconductors, and agreement between the theory and experi­
ments has been reported. [23] However, we have shown in detail in another paper [12] 
that the London model is not adequate for describing the magnetization. The reason 
for the apparent agreement between the Kogan result and the experiments is as fol­
lows. The only difference between the result of the present work and that of Kogan 
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is the difference between Q{h) and Qjç{h). The Kogan result was compared mainly 
with the measurements of r versus 0 at constant T and fixed H. [23] Since T{6), as 
will be shown later, depends strongly upon P and much less strongly upon Q oi Qjç, 
this comparison is not sufHcient to show the validity of Furthermore, 7/ was 
treated as a fitting parameter that depends on the value o{ H] i.e., one was free to 
optimize the value of r) for every fitting. [23] Also note that, since the values of H(.2 
are large in the high-temperature superconductors, the field region where the torque 
measurements were done [23] corresponds to small values of h = HIHf.2' As we can 
see from Fig. 2, for the low-field region (where h is small), the torque function Q of 
this work may be approximated by a function similar to Eq. (64), i.e., 
Q Ci rji~ln , (65) 
but with Til < 1 and 7/2 > 1- Since only the normalized rlrmax was compared 
with theory, [23] rji was canceled out by taking the ratio, and the constant in the 
argument of the logarithmic function obtained by fitting is not 77 of Eq. (64) but 772* 
An effective way to check the validity of Q or is to compare the theories with 
the measurements of r versus H at constant T and fixed orientation of H. 
The dependence of the torque r upon the orientation of the applied field at 
constant T and fixed H is determined by QP. In Figs. 3a, 3b and 3c we show the 
normalized rjrmax versus 9 for the simple case that = 7712 < "^3 for values 
of the anisotropy ratio 7 = (TTig/TTi^)^/^ = 5 (a), 30 (b), and 100 (c), for values 
of the reduced applied field kg = ^/^c2||3 ~ 0.3 (solid) and 0.7 (dashed) (where 
Hq is the value of at 0 = 0°, and -^^2113 the upper critical field parallel to the 
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axis). r(0) vanishes at 0 = 0° and 90° and shows a peak at a position close to 
the plane, and the peak becomes sharper and closer to the plane for larger 
anisotropy. This behavior is mainly determined by P. It is not difficult to see from 
Eq. (63) that the ff-independent quantity P = 0 at 5 = 0° and 90° and has a 
maximum at ^ = tan~^ 7 and the peak of the maximum becomes sharper and closer 
to 0 = 90° as 7 increases. For 7 = 30, for example, Û = 86.3°, at which r = Tmax 
for Hq = ^/Hg2jjg = 0.3, is close to tan~^7 = 88.1°, at which P = Pmax- The 
difference between the behaviors of T{9) for different values of H arises from the field 
dependence of the torque function Q{h). 
The temperature dependence of r at fixed H is determined by HqQ. In Fig. 
4 we show T(T)/r(0)  versus the reduced temperature t  =  TfTc ,  assuming 1  — 
temperature dependences for Hc{T) and 
Note that Mj_ has the same angular and temperature dependences as those of 
T, as can be seen by comparing Eqs. (54) and (55) (when written in conventional 
units) with Eq. (61). This is because r oc Mj_ at fixed H. 
E. Summary and Discussion 
Using the London model, we have investigated the procedure of obtaining the free 
energy density of an anisotropic high-ft type-II superconductor from its corresponding 
expression in the isotropic case by simply replacing « by a k that depends on the 
orientation of H relative to the principal axes of the sample. This procedure is valid 
when H is along one of the principal axis for arbitrary value of H between and 
We have shown in this paper that this procedure is also valid when H is not 
along one of the principal axes, but only for /c > 1 and H H^i. We expect 
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this conclusion also to be valid in the context of the Ginzburg-Landau theory, and 
have applied it to the variational model of Ref. 8 and obtained expressions for the 
reversible magnetization and the torques associated with the transverse component 
of the magnetization. The theoretical expressions involve parameters Hc{T), k, and 
the principal values of the mass tensor m\,m2i and mg, which determine the upper 
critical field T). These parameters can be obtained by comparing the 
theory with experimental measurements on the dependence of the torque upon the 
magnitude and the orientation of the applied field and upon the temperature. The 
theory also tells that, as compared with the direction of B, H orients closer to the 
axes along which the corresponding principal values of the mass tensor are larger; 
and that the torque tends to rotate the sample so that the applied field is parallel 
to the axis along which the corresponding principal value of the mass tensor is the 
smallest (or, along which the value of the largest). 
The condition that H Hf.i or (L/X)^ 1 can be easily satisfied for the case 
of high-K materials, because the intervortex spacing L is comparable to or larger than 
A only for very small B, corresponding to H just above fTd. Therefore the present 
theory should be valid over a large field region including intermediate and high fields. 
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Appendix 
In this Appendix we determine the coordinate system (31,82,33) in which Eq. 
(25) holds. The unit vector along B obeys 
B = (sin 9 cos <}>, sin 9 sin cos 9) (Al) 
in the coordinate system whose axes coincide with the principal axes Xj (i = 1,2,3), 
where 9 and (f> are the polar and azimuthal angles of B. The transformation from 
(%2^,%2)^3) into (a5]^,X2)®3) consists of two steps as follows. 
First we transform (%]^,%2i-^3) ii^to an intermediate coordinate system (a;^,®^»®^) 
by a rotation of 9 about the X2-axis and a rotation of <j> about the %g-axis, i .e., 
H = Pij^j (A2) 
where 
cos 9 cos <f> cos 9 sin (f> 
— sin (j> cos (j> 
^ sin 6 cos <j) sin 6 sin (j) 
— sin 9 
0 
cos 9 
(A3) 
In the (%]^,%2i^3) coordinates the mass tensor is m^S^j; in the (x^œ^,®^) co­
ordinates it becomes = Pik{''^k^kÙ^ïj^^ or 
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771^2 = (mj cos^ 0 + m2 sin^ cos^ 6 + mg sin^ 9, (A4) 
77122 = (7712 — Jnj) cos 0 cos ^ sin (A5) 
771^3 = (m^ cos^ 0 + 7712 sin^ 0 — 7713) cos 5 sin 0, (A6) 
77122 = sin^ (f> + 7712 (A7) 
77123 = (7712 — "n) sin 0 cos ^  sin (A8) 
77133 = (TTIJ COS^ <f> + 7712 sin^ <f>) sin^ 6 + 7713 cos^ 6, (A9) 
where m'-- = m!--. J* V 
Next we rotate the primed £rame an angle 7  about the s^-axis and obtain 
H = (AlO) 
where 
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Rij = 
COS 7 
-sin 7 
0 
sin 7 
cos 7 
0 
0 
0 
1 
(All) 
Note that = zg = B. The mass tensor in the new frame is m^j = , I D—1 or 
mil = T^ii cos^ 7 + m 12 sin 27 + 0122 sin^ 7 ,  (A12) 
mi2 = ^(77122—''"•11) sin 27+ 77112 cos 27, (A13) 
mi3 = 77113 cos 7  + m23 sin 7 ,  (A14) 
/ • 2 9  * f  2  77122 — TTiiisin 7  —77112 sin 27+ 77122 COS T) (AIS) 
! / 77123 — "^23 7 ~ 77^13 sm 7 ,  (A16) 
™33 = ""33' (AH) 
where rrij^ = Tn^j. The angle 7  required to satisfy the condition of Eq. (25) is given 
by 
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'-27 = 2(4243-43-^) (A18) 
("111 - "*22M3 - ("*13 - "^23) 
7713(7712 — m^) cos d  sin 2^ 
77137712 (sin^ <f)—cos^ 9 cos^ <f>)+7713771^ (cos^ <f>—cos^ 6 sin^ (j>) — 771^7712 sin^ 6 
(A19) 
In terms of {i = 1,2,3) and the angles 6, <i> and 7 ,  the masses 771 and 77^2 
become 
7ni =  [^77117712 sin^ ^sin^ 7  + TTîj^ 7713(003 ^  cos 7  — cos ^ sin sin 7)^ 
4- 77i277t3(sin ^ cos 7  + cos ^  cos ^ sin 7)^] /7M3, (A20) 
7712 = [771^^7712 sin^ ^ cos^7 + 7rn77i3(cosçisin7 + cos^sin (^cos7)^ 
+ 77i277i3(sin^sin7 — cos^cos^0057)^] lih'^, (A21) 
where 7713 = 77133 ~ "*33 given by Eq. (A9) 
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Figure 1: Transverse magnetization function {\lh)Q(h) versus the reduced applied 
field h = H/Hf.2 in the limit k > 1: (a) this work [Eq. (58)] (solid) 
and (b) high-field result of Kogan and Clem (Ref. 7) [Eq. (59)] (dashed). 
The transverse magnetization —47rilfj_ is proportional to {l/h)Q{h) for 
constant T and fixed direction of H 
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Figure 2: Torque function Q{h) versus the reduced field h in the limit rë 1: (a) 
this work [Eq. (58)], (b) the high-field result of Kogan and Clem (Ref. 7) 
[Eq. (59)], and (c)-(e) the intermediate-field results of Kogan (Ref. 19) 
[Eq. (64)] for 7/ = 1.5 (c), 1.0 (d), and 0.5 (e). The maximum occurs at 
h ~ 0.46 (a), h = 0.50 (b), and h = rjje (c)-(e) 
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Figure 3: Normalized torque, r/Tmax, versus the orientation of H for constant T 
and fixed H for = m2 < mg and 7 = 5 (a), 30 (b) and 100 (c), 
where 7 = . Q is the angle between H and the X3 axis, and 
Hq = H/H^2\\s is value of ft at 0 = 0° (where -£^^2113 upper critical 
field parallel to the axis) 
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Figure 3: (continued) 
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Figure 3: (continued) 
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Figure 4: Reduced torque r(T)/r(0) versus reduced temperature t  = T/Tc for fixed 
magnitude and angle ^ of H for /IQ = HjHf.2{0,T = 0) = 0.01, 0.05 and 
0.1, assuming 1 — temperature dependences for Hc{T) and HQ2{^JT) 
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IV. LIMITATIONS OF THE LONDON MODEL FOR THE 
REVERSIBLE MAGNETIZATION OF TYPE-II 
SUPERCONDUCTORS 
The high-temperature superconductors exhibit the magnetic properties of ex­
treme type-II superconductors, characterized by a large value of the Ginzburg-Landau 
(GL) parameter [1] k = (where A is the penetration depth and ( is the coher­
ence length). The London model [2]-[5] for the reversible magnetization of high-K 
type-II superconductors in the intermediate-field region {H^i -C -C where 
H is the applied magnetic field and H(.i and are the lower and upper critical 
fields, respectively), has been used for the analysis of the reversible magnetization 
measurements on the high-temperature superconductors (for example, Refs, 6-9). 
According to the London model, the magnetization is approximated by 
where t] is an constant of order unity. [10] The dimensionless GL units [1, 3, 11] are 
used here. Note that Eq. (1) predicts a linear dependence of M versus In H in the 
intermediate-field region, in agreement with recent experimental observations (Refs. 
6-9). However, as will be shown in this letter, Eq. (1) is quantitatively incorrect, 
because the effect of the depression of order parameter to zero at the vortex centers 
is important in calculations of the magnetization, but it is not accounted for by the 
London model. A simple way to account for the effect of the vortex cores is the 
variational approach of Refs. 12-14. In this letter, we first point out the mistake in 
(1) 
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the London model and discuss its implications. Then we show that the apparently 
linear dependence of M versus In H in the intermediate-field region can be obtained 
from the variational model proposed previously [14]. 
The thermodynamic properties of a type-II superconductor in the mixed state 
are usually studied by making use of the GL theory. The free energy density F is the 
volume average of the GL free energy density functional [1, 3] and can be written as 
F = Fcore + Fem^ (2) 
where Fcore is the energy associated with the vortex cores including the condensation 
energy and the kinetic energy associated with the gradients in the order parameter; 
Fem is the electromagnetic energy including the kinetic energy of supercurrent and 
the magnetic field energy (for more details, see Ref. 14 and the references therein). 
F is a function of the average magnetic flux density B. 
The London model was first introduced by Abrikosov [2] to study the reversible 
magnetization of high-K type-II superconductors in the intermediate-field region, 
where the GL equations cannot be solved in closed form due to their nonUnearity. In 
this model, the order parameter is assumed constant and the vortex centers play the 
role of singularities in the solution of the London equation. Therefore, Fcore cannot 
be accounted for by this model, and only Fem is considered. The justification for this 
procedure is that Fcore is negligible as compared with Fem] t-e., Fem > Fcore- The 
mistake is that one should not compare Fcore with Fem when the magnetization is 
concerned. This is seen from the equation 
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— 47rM = 2'gQ [(-^em — 5^) + Fcore\ , (3) 
where H  =  { l f 2 ) d F l d B  and —AirM = H — B have been used. [3] It is clear from 
Eq. (3) that it is the term {Fem — B^) that Fcare should be compared with. For 
H 3> jffci, B^ is large and {Fem — B"^) is small; and therefore, Fcare can not be 
neglected in order to calculate the magnetization. 
To compare the contribution to magnetization from (Fem — with that from 
Fcare in more detail, we define 
— 47rMem = 2^ (^em —(4) 
and 
-irMcore = \^, (6) 
where Mem is the magnetization that would be obtained if only Fem is considered, 
and Mcare is the additional contribution to the magnetization from Fcare- Since 
Fcare = necare = ^ecore/(27r//s), we have —AirMcare — «Ecore/4ir. Here n is the 
number density of vortices, (27r/«;) corresponds to the flux quantum conven­
tional units, and ecare is the core energy per unit length per vortex. Note that ecore 
is F-dependent, mainly due to the depression in the order parameter for finite value 
of 5. At 5 = 0 (jff = the ratio McarelMem is roughly 0.5/In k, [12,15] which 
is about 10% for k ~ 100, for example. This shows that, even at S = 0, neglecting 
the core contribution results in an error of about 10% for k ~ 100. We also have 
d{—4:'KM)fdB = dHjdB — 1 = — 1 (dH/dB = 0) at J3 = 0. Since —AirM is order 
of 1/k, —1 for the slope is a large number. An increase in B from zero to B = 1/k, 
corresponding to an intervortex spacing d = 1 (d = A in conventional units), results 
in a large decrease in —4irM. Note that \d{—^irMcore)/dB\ «C 1 for small B, the de­
crease in —47rM is mainly associated with the decrease in —'kirMerrii *.e., —^irMem 
decreases much faster than —4irMcore as B increases. Therefore, we expect that 
—AirMcare is comparable to —AirMem for 5 ~ 1/k (d ~ 1), and —AirMcore becomes 
greater than —47rMem for B ^ IJk {H > Bel)- The above argument is found in 
agreement with the results of quantitative calculations using the variational model 
of Ref. 14, as will be mentioned below. 
The variational model developed in Refs. 12-14 permits one to calculate the GL 
free energy analytically including Fcore in addition to Fem- The reversible mag­
netization is calculated in Ref. 14 for the entire field region between ffgj and Hf,2i 
taking into account both the effect of the vortex cores and the effect of the depression 
of the order parameter due to finite value of B] and the results are shown not only 
qualitatively but also quantitatively good approximations to the solutions of the GL 
equations. In Fig. 1 the solid curve shows the magnetization obtained in Ref. 14; 
—AirMem and —AirMcore ate shown separately as the dashed curves, and it is clear 
by the comparison that Fcore can not be ignored in the calculation of F in order to 
obtain a correct result for M, as expected from the previous qualitative argument. 
The Abrikosov high-field result 
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= 1.16), [2, 3]and the result of the London model [Eq. (1), with tj = 0.2 [10]] 
are also shown in the same figure for comparison. 
Magnetization measurements on high-temperature superconductors have shown 
an approximately linear relation of M versus hiH in the intermediate-field region. [6]-
[9] In Fig. 2 we show —AirM versus In H obtained from the variational model. We 
see that —47rM(ln H) is almost, but not exactly, linear in the intermediate-field 
region; the magnitude of the slope decreases slowly in the intermediate-field region 
and increases in the high-field region {H > 0.4ffg2), a behavior that has been seen 
in experiments (for example, see Fig. 3 of Ref. 9). 
We may use the following simple equation, which is similar to Eq. (1), to ap­
proximate the apparently linear part of the curve M{laH) of the variational model. 
where a and /3 are two constants to be determined by fitting. Since the original M 
versus In H curve is not exactly linear, the values of a and /? depend on the interval 
of H that is chosen for fitting. We find that the values of a and jd depend only on the 
reduced field = ff//c for k 1 (/i = fr/ffg2 in conventional units). For example, 
for the interval of 0.02 < h < 0.3, a = 0.77 and /3 = 1.44 are found, and the resulting 
straight line is shown in Fig. 2 (dashed line). On the other hand, if we divide the 
above field interval into two parts, we find a = 0.84 and = 1.08 for 0.02 < /t < 0.1 
and a = 0.70 and j3 = 1.74 for 0.1 < h < 0.3; and the resulting straight lines for the 
corresponding field intervals are almost indistinguishable from the original curve if 
(7) 
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they are plotted in Fig. 2. 
Equation (7) provides a simple way to estimate A and Hf.2 from the reversible 
magnetization measurements. Note that in Eq. (7) the factor a/4/î corresponds to 
a(f)Qj8nX'^ and k corresponds to conventional units. If we plot —AtM versus 
H on a semilogarithmic graph paper, the magnitude of the slope is a<j)QfSirX'^ and 
the intersection of the linear extrapolation with the horizontal (—4irM = 0) axis is 
However, we emphasize that the uncertainty in the results obtained by using 
Eq. (7) is large, especially for ^c2' the uncertainty in the values of a and 
Another way of obtaining A and Hf.2 is directly using the original expressions 
for M versus H to fit the experimental data. The fitting procedure is given and has 
been applied to the measurements on a YBCO single crystal in Ref. 14. 
At this point we comment briefly on the previous work that have used Eq. (1) for 
the analysis of the magnetization measurements (for example, Refs. 6-9). Because 
of the similarity between the two equations, Eqs. (1) and (7), the temperature 
dependence of the penetration depth A(T)/A(0) obtained by using Eq. (1) is the 
same as that would be obtained by using Eq. (7) if we ignore the field dependence 
of a. The difference is that the values of A(0) obtained using Eq. (1) is larger by a 
factor of than that would be obtained by using Eq. (7). 
Finally we consider briefly the contribution of the core energy Fcore to other 
thermodynamic quantities, the entropy density S and the specific heat C. Generally, 
F contains a term 5^/8ir, of which the measuring scale is (we return to 
conventional units in this paragraph). Since ^ 1 (here Hq is the 
thermodynamic critical field) and we are interested in energy densities with measuring 
scales being the condensation energy density /Sir, we may define a new quantity 
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F m  =  F  —  B ^ f 8 i T  which varies from 0 to H ^ l S i r  (measured relative to the Meissner 
s ta te)  for  B  varies  f rom 0 to  ^^2 '  i t  is  easy to  show that  M  —  — { d F m / d B ) j i  
and S  = — { d F m l d T ) g .  The specif ic  heat  can be obtained from S  h y  C j T  =  
{dS/dT)ff. Therefore we see that the contribution of Fcore is important and can 
not be ignored for the calculations of S and C, similar to the case of M discussed 
previously. 
In summary, we have shown that the London model for the reversible magne­
tization in the intermediate-field region is quantitatively incorrect, because that the 
contribution of the core energy is important and cannot be ignored in the calculations 
of the magnetization and other quantities such as the entropy and the specific heat. 
The approximately linear behavior of M versus In iT in the intermediate-field region, 
a behavior observed experimentally, can be obtained from the variational model of 
Ref. 14. 
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V. A SCALING PROPERTY IN THE REVERSIBLE 
MAGNETIZATION OF ANISOTROPIC HIGH-k TYPE-II 
SUPERCONDUCTORS 
The magnetic properties of the high-temperature superconductors can be charac­
terized by a large value of the Ginzburg-Landau parameter k and a large anisotropy. 
In this paper we show that, for H -ffcl» t^e field dependence of the reversible 
magnetization m of an anisotropic extreme type-II (ft 1) superconductor is a 
function of the reduced field h = HjHf.2 only. This property gives a relation be­
tween the magnitudes of magnetization for different orientations of the applied field 
H with respect to the crystal axes of the sample; we apply this relation to esti­
mate the anisotropy ratio of a Bi2Sr2CaGu20g_^ single crystal from the reversible 
magnetization measurements. 
In Ref. 1, an expression for the reversible magnetization M as a function of H 
is derived using a variational approach. This expression is valid to good approxima­
tion in the entire field region between Hf,i and Hf.2 for isotropic materials and for 
anisotropic materials if H is along one of the principal axes. In Ref. 2, it is shown 
that this expression is also valid to good approximation for arbitrary orientation of H 
but only for H and /c 1 and with k replaced by an orientation-dependent 
quantity 
k  =  k I  sin^ 9  cos^ ( f )  +  7712 sin^ 9co8^ <f> + 1713 cos^ 9^^^^ , (1) 
where 9 and <l> are the polar and azimuthal angles of H with respect to the principal 
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axes and mj (z = 1,2,3) are the principal values of the normalized effective mass 
tensor m^j {mim2Tn^ = 1). [1, 2] The angular dependence of the upper critical field 
H(>2 is determined by that of k, i.e., 
Hc2 = V2Hck, (2) 
where He is the thermodynamic critical field. [3] For the high-temperature supercon­
ductors, we may ignore the weak in-plane anisotropy and assume nia = < 
mc. The ratio 
T = ^ c2\\ab/^c2\\c = (3) 
is a measure of the degree of anisotropy. Note that for anisotropic materials the 
magnetization has components both parallel and perpendicular to the direction of H 
in general. The perpendicular component is considered in detail in Ref. 2; here we 
only consider the parallel component. 
We focus on the case that K 1 and H 3> , so that the expression for M 
versus H of Ref. 1 reduces to [1, 2] 
jt2 
- 47rM = (4) 
^c2 
with 
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$  =  ( l - f e 4 ) {  g  
-L^ + % (2V^) _ y&Ff 1 (2V^) } , (5) 
^ = [1 - 2/1(1 - A)2](1 + h\ (6) 
and 
h = H/Ba- (7) 
We notice that the field-dependence of M is given by $ which is a function of h only, 
a property that is unique to the extreme type-II (k ]$> 1) superconductors. For high 
fields {h > 0.4), Eq. (4) approximates the linear Abrikosov high-field result [3] which 
corresponds to $ = j9^^(l — h) (/3^ = 1.16); [1] for intermediate fields {h ~ 0.1), it 
shows approximately a logarithmic field dependence, i.e., $ ~ {r]il2)\iL{T]2/h) with 
rjl and 7/2 being roughly field-independent. [4] 
We next consider the dependence of M upon the orientation of H. In Figs. 1(a) 
and 1(b) we show the ratio M/M||g versus 9 for values of the anisotropy ratio 7 = 5 
and 50, for values of the reduced field = •ff/^c2||c ~ 8,nd 0.7, where 9 is 
the angle between H and the c-axis and feg is the value of A at 0 = 0. We also show 
^c2l^c2\\ab ~ ^ as the dashed lines. 
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We can derive from Eq. (4) a relation between the magnitudes of magnetization 
for H along any two different directions; particularly, if the two directions are those 
parallel to the c-axis and the aft-plane, we have 
where is the magnetization for H parallel to the i-axis and 7 is the anisotropy 
ratio [Eq. (3)]. It shows that the magnitude of the magnetization for an applied field 
of 1 T parallel to the c axis, for example, is 7 times that for an applied field of 7 
T parallel to the a6-plane. If we plot versus H and 7Af||a5 versus H/'f on the 
same figure, the two curves should form one smooth curve. This property can be used 
to estimate the value of 7 from the magnetization measurements. The procedure is 
simple: guess a value for 7 and compare the two curves; if they do not form one 
smooth line, then try another value for 7; repeat until the best value is found. We 
apply this method to the reversible magnetization data on a Bi2Sr2CaCu20g_^ 
single crystal {Tc 88 K, the details of the experiments are given elsewhere [5]); 
the best value thus found is 7 ~ 18, which should be regarded as a lower bound if 
we take into account a possible angular misorientation (±2°). In Fig. 2 we show 
— 4 7 r M | | ^  a n d  v e r s u s  H  a n d  t h e  s c a l e d  d a t a  1 8  X  ( — 4 7 r A / | j ^ ^ )  v e r s u s  H / 1 8  
for temperature T= 60 K and 64 K. 
In summary, we have found that the field dependence of the reversible magneti­
zation M of an anisotropic high-ft type-II superconductor is a function of the reduced 
field h = HIHq2 only. We have considered the angular dependence of M for fixed 
H and derived a relation between the magnitudes of M for two different orientations 
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of H which can be used to estimate the degree of anisotropy. We have applied the 
theory to analyze the reversible magnetization data on a Bi2Sr2CaCu20g_^ single 
crystal. 
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SUMMARY 
A theoretical study of the reversible magnetization of type-II superconductors 
has been presented, with emphasis on the high-temperature superconductors char­
acterized by large values of the Ginzburg-Landau parameter k and large degree of 
anisotropy in their electromagnetic behaviors. 
In Section I, the variational model of an isolated vortex of Ref. 13 was generalized 
to the anisotropic case by introducing an effective mass tensor in the Ginzburg-
Landau theory for the case that the applied field is along one of the principal axes. 
Magnetic structure of a single vortex was studied; the lower critical field was 
calculated, which has the same expression as that of the isotropic case but with an 
effective Ginzburg-Landau parameter k that depends on the orientation of the applied 
field. The model was used to discuss the effects of the anisotropy on the pinning forces 
of individual vortices and on the vortex lattice form. Strong anisotropy was found in 
the pinning forces. 
In Section II, the previous works of Refis. 13 and 14 and Section I were extended, 
and a model for the description of the mixed state was proposed. This model per­
mits one to obtain &om the Ginzburg-Landau theory a good approximate analytic 
expression for the reversible magnetization of type-II superconductors as a function 
of field H for all values in the range Hf,i to Hf,2- This model was further extended 
to include the anisotropy for the case that the applied field H is parallel to one of the 
principal axes of the sample. The theory was used to analyze experimental magneti­
zation data from a single crystal of YBa2CugO';r, taken as a function of temperature 
at constant values of H. A good determination of the upper critical field slope has 
been obtained for H parallel to the c-axis by making use of the data in a window 
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of temperatures above those for which flux pinning makes the magnetization curves 
irreversible and below those near Tc where fluctuations occur. It was pointed out 
that, because of the large values of Hf.2 in the high-temperature superconductors, 
the Abrikosov high-field result for the reversible magnetization is restricted to a tem­
perature region very close Tc for the general case that the applied field is the oder of 
1 T and is no longer valid due to fluctuation effects. 
In Section III, the procedure of obtaining the free energy density of an anisotropic 
high-K type-II superconductor from its corresponding expression in the isotropic case 
by simply replacing k by a « that depends on the orientation of H relative to the 
principal axes of the sample was investigated. This procedure is valid when H is along 
one of the principal axis for arbitrary value of H between and It was shown 
in this section that this procedure is also valid when H is not along one of the princi­
pal axes, but only for K )§> 1 and H -ffcl- This conclusion was used to generalized 
the model of Section II to the case that H is along an arbitrary direction, and the 
reversible magnetization and the torques associated with the transverse component 
of the magnetization were calculated. The theoretical expressions involve parame­
ters Hc(T), K, and the principal values of the mass tensor mjjTng, and mg, which 
determine the upper critical field T). These parameters can be obtained 
by comparing the theory with experimental measurements on the dependence of the 
torque upon the magnitude and the orientation of H and upon the temperature. The 
theory also tells that, as compared with the direction of the average flux density B, 
H orients closer to the axes along which the corresponding principal values of the 
mass tensor are larger; and that the torque tends to rotate the sample so that H is 
parallel to the axis along which the corresponding principal value of the mass tensor 
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is the smallest (or, along which the value of Hç2 is the largest). 
In Section IV, it was shown that the London model for the reversible magne­
tization in the intermediate-field region is quantitatively incorrect, because that the 
contribution of the core energy is important and cannot be ignored in the calculations 
of the magnetization and other quantities such as the entropy and the specific heat. 
The approximately linear behavior of M versus In H in the intermediate-field region, 
a behavior observed experimentally, can be obtained from the model of Section II. 
In Section V, it was found that the field dependence of the reversible magnetiza­
tion M of an anisotropic high-K type-II superconductor is a function of the reduced 
field h = HlHf.2 only. The angular dependence of M for fixed H was considered 
and a relation between the magnitudes of M for two different orientations of H was 
derived, which can be used to estimate the degree of anisotropy. The theory was 
applied to analyze the reversible magnetization data on a Bi2Sr2CaCu20g single 
crystal and 7 ~ 18 as a lower bound was found. 
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